THE EXTREMALS OF TWO INVARIANT INTEGRALS 
M. L. MacQUEEN 


1. Introduction. In a recent paper, Wilkins shows [1, p. 175], 
among other things, that at a point of an analytic surface in ordinary 
projective space a general canonical line of the first kind may be char- 
acterized in terms of the cusp-axes of the two families of hypergeodes- 
ics which are the extremals of a certain pair of invariant integrals. 

In this note we introduce two invariant integrals which do not 
differ essentially from those employed by Wilkins. At each point of 
the surface, a quadric cone called the cusp-axis cone and its dual called 
the flex-ray conic are defined in terms of the cusp-axes and flex-rays, 
respectively, of the hypergeodesics which are the extremals of these 
integrals. The equations of these loci are derived and some of their 
properties are briefly studied. 

If the four homogeneous projective coordinates x of a variable 
point on an analytic non-ruled surface S in ordinary space are given 
as analytic functions of two independent variables u, v, and if the 
parametric net on S is the asymptotic net, then the functions x are 
solutions of a system of differential equations which may be assumed 
to be reduced to Fubini’s canonical form 


(1.1) = px + Ouxu+ Xoo = + t+ (0 = log By). 


It will be recalled that two lines /,(a, 6), (a, 6) are reciprocal lines 
[2, p. 150] at a point x of a surface if the line /(a, 5) joins the point x 
and the point y defined by 


(1.2) y = — ax, — bx, + Zur 
and the line /,(a, 6) joins the points p, o defined by placing 
(1.3) p = x, — bx, o = x, — ax, 


where a, 6 are scalar functions of u, v. 
Moreover, two reciprocal lines 1,(a, 6) are canonical lines 
of the first and second kind respectively in case 


(1.4) a=— kj, b= — kd, 
where & is a constant and 
= (log = (log B*y)>. 
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It will be assumed that ¢y <0, so that the surface under consideration 
is not a coincidence surface. Canonical lines of the first kind lie in the 
canonical plane whose local equation is 


(1.5) = 0, 


when referred to the tetrahedron of reference x, Xu, X», Xu». The canoni- 
cal plane intersects the tangent plane x,=0 in the first canonical tan- 
gent /, at the point x of the surface. Canonical lines of the second kind 
lie in the tangent plane and pass through the canonical point 


(1.6) (0, 0). 


The second canonical tangent fz, which joins the point x to the canon- 
ical point, has the equations 


(1.7) ox2 + = 0, = 0. 


2. The extremals of two invariant integrals. The differential equa- 
tion of the extremals of the invariant integral 


(2.1) f +n) addy (n x 0), 


where 7 is a constant, is found to be 
(2.2) = By’ + Cw?, 


in which accents indicate total differentiation with respect to u and 
the coefficients B, and C, are defined by 


(2.3) 3(1 — m)B, = (log B*-"y"**),, — 3nC; = (log B?-*y'**),. 


These extremals are hypergeodesics whose cusp-axis is the line 
1,(a, for which 


a; = ((2n — 1)/6n)y = — ky, 
bi = ((2n — 1)/6(m — 1))o = — hag. 


Similarly, the differential equation of the extremals of the invariant 
integral 


(2.4) 


is given by 6 

(2.6) = By’ + 

where 


(2.7) = (log B*™y*-"),, 3(m — 1)C2 = (log 


[: 


1944] THE EXTREMALS OF TWO INVARIANT INTEGRALS 505 


Therefore these extremals are hypergeodesics whose cusp-axis is the 
line 1,(a@2, 62) for which 


= ((2n — 1)/6(m — = — ky, 


be = ((2m — 1)/6n)o = — hid. 


These results can be used to obtain the following theorem, a part of 
which is similar to Theorem 4.1 in the paper of Wilkins [1, p. 175]. 


THEOREM 2.1. The extremals of the invariant integrals (2.1), (2.5) are 
hypergeodesics whose cusp-axes determine the plane 


(2.9) + — ((1 — 2n)?/6n(1 — n))opx, = 0. 


This plane intersects the tangent plane xy=0 in the second canonical 
tangent and intersects the canonical plane in the canonical line 1,(k) for 
which 


(2.10) k = (1 — 2n)?/12n(i — n). 


Moreover, the plane which is determined by the cusp-axis of the hyper- 
geodesics (2.2) and the v-tangent at the point x intersects the plane which 
is determined by the cusp-axis of the hypergeodesics (2.6) and the u-tan- 
gent at the point x in the canonical line 1,(k) for which 


(2.11) k = (1 — 2n)/6n. 


Finally, the cusp-axis of the hypergeodesics (2.2) and the u-tangent 
at the point x determine a plane which intersects the plane determined by 
the cusp-axis of the hypergeodesics (2.6) and the v-tangent in the canoni- 
cal line 1,(k) for which 


(2.12) k = (1 — 2n)/6(n — 1). 


Each of the canonical lines thus determined may, by a proper selection 
of the constant n, be made to become any desired line of the first canonical 
pencil, except the first axis of Cech. 


It may be remarked that, in case n=2, the two cusp-axes are the 
scroll directrices of Sullivan. Application of the theorem leads to the 
canonical line 4,(k) for which k= —3/8, the first edge of Green, and 
the first directrix of Wilczynski. 


3. The cusp-axis cone. We now propose to find the locus of the 
cusp-axis of the extremals of each of the invariant integrals (2.1), 
(2.5), when m varies. For this purpose the cusp-axis of the extremals 
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of the integral (2.1) can be regarded as determined by the planes 
whose equations are 


(3.1) x3 — kopx, = 0, — kia, = 

and the cusp-axis of the extremals of the integral (2.5) by the planes 
(3.2) x3 — kipx, = 0, Xe — = 0, 

where k; and k, are defined by 

(3.3) ky = (1 — 2n)/6n, ke = (1 — 2n)/6(n — 1). 


The locus of the cusp-axis (3.1), when m varies, is found by eliminat- 
ing m from equations (3.1) to be a quadric cone which will be called 
the cusp-axis cone at the point x. The same cone is obtained as the 
locus of the cusp-axis (3.2). This result can be stated in the follow- 
ing way: 


THEOREM 3.1. At a point of a surface, the locus of the cusp-axes of 
the extremals of the invariant integrals (2.1), (2.5), when n varies, is the 
cusp-axis cone whose equation is 


(3.4) Ox2x3 + + = O. 


The vertex of this cone is, of course, the point x. It is evident that 
this cone is intersected by the tangent plane at the point x of the sur- 
face in the asymptotic tangents through the point. Moreover, the 
polar line of the tangent plane x,=0 with respect to this cone is the 
canonical line 1,(k) for which k= —1/6, namely, the first principal 
line of Fubini and Cech. The canonical plane intersects the cone (3.4) 
in the projective normal and in the first axis of Cech. The polar plane 
of the second canonical tangent with respect to the cone is the canoni- 
cal plane. 

It is easy to establish the truth of the following statement: 


THEOREM 3.2. The cusp-axes of the extremals (2.2), (2.6) determine 
the plane (2.9) the polar line of which with respect to the cusp-axis cone 
ts a canonical line 1l,(k) for which 


(3.5) k = — (1 — 2n)?/6(2n? — 2n + 1). 


In particular, let us consider the plane determined by the two scroll 
directrices of Sullivan. The polar line of this plane with respect to the 
cusp-axis cone is the canonical line 1,(k) for which k = —3/10. 

The cusp-axis cone and any quadric of Darboux 


(3.6) — kate = 0 (k, arbitrary) 
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intersect, besides in the asymptotic tangents at the point x, also in a 
residual conic which lies in the plane whose equation is 


(3.7) + + xs/6 — = 0. 


This plane cuts the tangent plane at the point x of the surface in the 
canonical line 1,(k) for which k = —1/6, namely, the reciprocal of the 
first principal line of Fubini and Cech. 

Furthermore, the cusp-axis cone and a principal quadric of Lane [3] 


(3.8) X2X3 3x1 ox2/2 yx3/2 = (ks arbitrary) 


intersect, besides in the asymptotic tangents, also in a conic which lies 
in the plane 


(3.9) 26x2/9 2yx3/9 = (0. 


This plane intersects the tangent plane x,=0 in the canonical line 
1,(k) for which k = —2/9. 


4. The flex-ray conic. Let us consider the envelope of the flex-rays 
of the extremals of the integrals (2.1), (2.5). The flex-ray of the family 
of hypergeodesics (2.2) is the reciprocal of the cusp-axis (3.1) and has 
the equations x,=0 and 


(4.1) x1 + — 1)/6(m — 1))px2 + — 1)/6n)pxs = 0. 


We find that the envelope of this line when m varies is a conic. The 
same conic is obtained as the envelope of the flex-rays of the hyper- 
geodesics (2.6). This conic will be called the flex-ray conic of the two 
families of hypergeodesics (2.2), (2.6). The equations of the flex-ray 
conic can easily be obtained by setting equal to zero the discriminant 
of equation (4.1) regarded as a quadratic equation in m. The result 
is contained in the following theorem: 


THEOREM 4.1. At a point of a surface, the envelope of the flex-rays 
of the extremals of the two invariant integrals (2.1), (2.5), when n varies, 
is the flex-ray conic whose equations are x,=0 and 


(4.2) + + pxs/3) + — Hxs)?/36 = 0. 


This conic lies in the tangent plane of the surface at the point x and 
touches the parametric tangents at the point x in the points 


(4.3) (— ¢/6, 1, 0, 0), (— ¥/6, 0, 1, 0). 


The line joining these two points is the reciprocal of the first principal 
line of Fubini and Cech. This line may therefore be characterized by 
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the property that it is the polar line of the point x with respect to the 
flex-ray conic. 

The first canonical tangent intersects the flex-ray conic in the 
points whose local coordinates are 


(4.4) (— 2oy/3, 0), (0, 0). 


The second axis of Cech is tangent to the flex-ray conic at the first 
of the points (4.4), and the reciprocal of the projective normal is 
tangent to the conic at the second of the points (4.4). Thus we find 
that the canonical point is the pole of the first canonical tangent with 
respect to the flex-ray conic. 

It is easy to verify the following statement: 


THEOREM 4.2. The extremals of the two invariant integrals (2.1), (2.5) 
are hypergeodesics whose flex-rays pass through the point 


(4.5) ((1 2n)*/6n(1 n)) oy, 0 


which lies on the first canonical tangent. The harmonic conjugate of the 
first canonical tangent with respect to the two flex-rays through the point 
(4.5) is the canonical line l.(k) for which k is defined by (2.10). 


The following result is an immediate consequence of the fact that 
the two flex-rays which pass through the point (4.5) are tangent to 
the flex-ray conic. 


THEOREM 4.3. The polar line of the point (4.5) with respect to the 
flex-ray conic is the canonical line 1,(k) for which k is defined by (3.5). 
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PROOF OF A CONJECTURE OF P. ERDOS ON THE 
DERIVATIVE OF A POLYNOMIAL 


PETER D. LAX 


Introduction. We start out from the following consequence of 
S. Bernstein’s well known theorem on trigonometric polynomials. Let 
p.(z) be a polynomial of degree m for which |»,(z)| <1 holds as 
then (2)| Sn as S1 with (2)| =n if and only if 
=a2", la =1. 

Some time ago P. Erdés conjectured that if | pa(2) S1 holds as 
| z| <1 and p,(2) has no roots inside the unit circle, then |p, (z)| sn/2 
as |z| <1. In the present note we give a proof of this conjecture. 


Preliminaries. Let us introduce the following notation which shall 
be used throughout this paper: 


pn(2) Il (z c# 0; 


qn(z) = Il (1 — = 


Then for |z| =1 we have | p,(z)| =|¢.(z)|. 


Lemma I. If p,(2) has no roots inside the unit circle, that is |z,| =1, 
the polynomial p,(2)+€q,(2), | e| =1, will have all its roots on the unit 
circle.* 


Lemma II. If p,(2) has no roots inside the unit circle, | z,| 21, we 
have |p. (2)| S| ge (z)| as |2| =1. 


Let 2~z,; using the abbreviation 2~'z, =A, we find 


| qn (z)/gn(z) | = > (z = | = 


| pe (2)/Pa(z)| = 


(1 


> A,(i — . 


Since | A, 


A,+1, we obtain 
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4) | s | — A) — =| RD — 

On the other hand 

(1) and (2) prove Lemma II. 


(1) 


Proof of the special case, when all the roots are on the unit circle. 
The first proof for this special case was supplied by Professor Szegé. 
His argument is as follows. 

Let |z,| =1 and max | p,! (2)| =| (g0)|, | zo] =1. 

Case I. p,(%0) #0. Since *) is maximum for @=0, 
we find that 2p,’ (20)/p (zo) is real. Now 


tpn’ /Pa (2) = z/(z — 2) — > (z/(z — 2))? z/(z — 2). 


v=] 


Let 29/(zo—z,) =1/2+-it,; then 


pe (0) n/2+idit 
so that 
(n/2)> — 4d (1/4 
(n/2)? + (> 
and 
pl" (20) (n/2) >> (1/4 + 
4 0 = 2 
Px (20) n/ (n/2)? + (> t,)? 


Case Ia. }-t,=0, 
+ = m/2, | pe (0) | = (m/2)| pulse) | < n/2. 
Case Ib. +40 so that from (3), 


(n/2)' + (D4) = n/2- - 
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Hence from (4), 


bn’ (20) (n/2)? — (m/2)* — t)* + (> 4)? 
Zo = n/2— 
pn (20) (n/2)? + ,)* 
n/2+n/2-1=2-—1; 
| (zo) | = (w — 1) max | ps (2)|. 
According to S. Bernstein’s theorem this is possible only when 
| px (2)| =const or p,(z) =const (2*+c), | c| =1. 


Case II. p,(%0)=0. Since p, (29) 0, 2 is a simple root of p,(z), 
say 29=2,. Now 


20 ——— = _ lim z ——_- = lim 
Pn (20) (2) > 2/(z — 2%) 
= =n— 1+ 2i>>4 


which is real, consequently equal to m—1; see case Ib. 
Second proof of the previous special case. A much simpler proof 
is due to Professor G. Pélya. Let c= | c| e*7, 2, =e”; then 


h(0) = Il (e-itrl2) . 


| c| Il — 
ven 


is a trigonometric polynomial of degree n with real coefficients. Hence 
according to a sharper form of S. Bernstein’s theorem? 


(h'(0))? + n(h(6))? < | + inh()| <2, 
| dpa(e**)/do| <n, Sn, =1. 


Proof in the general case. Let »,(z) be a polynomial of degree n, 
| $1 for |s| <1, p,.(z) 0 for |z| <1. We define Q,(z) =(p,(2) 
+q,(2))/2, and determine so that |e] =1, (2)/p,/ (z) should be 
real and positive at z=Zo, | zo] =1, where |p. (z)| reaches its maxi- 
mum. 

Then | Q(z) | <1, | <1. 

Also, by Lemma I, Q,(z) has all its roots on the unit circle. 


(5) 


2 Inequality (5) can be found in J. G. van der Corput and G. Schaake, Ungleich- 
ungen fiir Polynome und trigonometrische Polynome, Compositio Math. vol. 2 (1935) 
p. 337; it follows from an older and sharper theorem of G. Szegé, Uber einen Sats 
des Herrn Serge Bernstein, Schriften der Kénigsberger Gelehrten Gesellschaft vol. 22 
(1928) p. 69. 
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We have, by Lemma II, 
max | Qu (2) | = | (wa) | =| pal (zo) + ege (20) | /2 


= | (zo) | /2 +| pe | /2 
= | (zo) | = max | (2) |. 


But max 1Q,! (z)| <n/2, therefore the same follows for p,(z). This 
establishes the conjecture of P. Erdés. The bound is obviously the 
best possible, as the example (1-+-2*)/2 shows. 

REMARK. Returning to the case when all the roots 2, of p,(z) are 
on the unit circle, it is interesting to observe that in this particu- 
lar case max | p,/ (2)| =(#/2) max | p,(z)| |2| $1. Indeed, let us 
write | pa(z’)| = max | pa(z)|, | <1; then max | pf (z)| = |p! (z’) 
=| pa(2’)| =| =(n/2)| pale’) 
= (n/2) max | pa(z)| =n/2. 

Another inequality for the derivative of a polynomial. Replacing 


the “Tchebychev deviation” by the “Bessel deviation,” we obtain the 
following analog of the inequality formulated at the beginning of this 


paper. 
Let »,(z) be a polynomial of degree n; then* 


Setting p,(s) => %-0a,2” and using Parseval’s formula, this inequality 
can be written in the form 


n n 
a, |? < a 


y==0 


2 


which is obvious. 
We prove now the following analog of P. Erdés’s conjecture. 


If | pa(z) | S1 holds as | z| $1, and p,(z) 0 for | z| <1, then in (6) 
the factor n can be replaced by 2—"!*n. This factor is the best possible. 


By Lemma II the following inequality holds: 


(7) f "| pt < f (ei 


Now, =) hence by (7) 


3 See A. Zygmund, A remark on conjugate functions, Proc. London Math. Soc. (2) 
vol. 34 (1932) pp. 392-400, esp. pp. 394-396. 
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f | (eM) < f | (e*) + f |p! 


= + (n — v)?) | a, |?. 


The greatest of the numbers v?+(n—yv)?, - - - , n, is n*. There- 
fore 
(8) f | | a, |?, 


which was the assertion. 
For p,(z) =(s"+1)/2 the sign of equality holds in (8). 


New York City 


A NEW FORMULA FOR INVERSE INTERPOLATION 
HERBERT E. SALZER 


This paper is devoted to the derivation of a formula for inverse 
interpolation in a table of equally spaced arguments. The resulting 
formula (5) is more concise and convenient than those in existence. 
It involves neither differences nor polynomial coefficients other than 
small powers. In use it will be found much simpler and quicker than 
those given by Davis, Aitken, Steffensen and Milne-Thomson. In a 
sense, it is the analogue of the Lagrangian formula for direct inter- 
polation without differences (that is, in terms of the tabular entries 
only) if the usual expression (right member of (1) below) is rearranged 
in terms of powers of the argument p. 

Lagrange’s general interpolation formula is 

yok 1 i=k 
Plz) f(a), where P,(x) = J] (x — a). 


P,(a,) (x a,) i=0 


For equally spaced arguments at interval h, after suitable relabelling 
of the arguments a;, Lagrange’s formula becomes 


i=—[n/2] (n) 


(1) So L; (Pp) fis 


t=—[(n—1)/2] 
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where f, denotes f(ao+xh), [x] denotes the largest integer in x, and 
Lp) are well known polynomials in p of the (n—1)th degree. Mak- 
ing use of the relation 


t=[n/2] (n) 
t=——[(n—1) /2] 

we can rewrite (1) as 

(nm) 

? i=[n/2]} L; (p) 
(3) =1 (fi — fo). 
So — fo p 


Since L%(p)/p is not present in the summation, the denominator of 
the right-hand side of (3) is still a polynomial in p. 

Now we employ an expansion due to Biirmann which states that 
if =(z—a)/(p(z) —6), then 


fle) = fla 


[y'(a) {¥(a)}™] + Re. 


Consider the equation 


3 => 0 


Letting 


t=[n/2] L; 
z=?, o(p)=fp b=fo, ¥(p) = 1 (?) (fi — fo) 


i—{[(n—1)/2) 


and f(p) =p, we obtain, by Biirmann’s expansion, 


a+ (fp 
m=1 
- (1 (fi- + Ri. 
im—[(n—1) /2] 


To obtain p as an explicit function of f, and the f;’s according to its 
implicit definition in (1) or (3), we take the limit of (4’) as a—0 and 
arrive at the following expansion: 

= > (fp — fo)™ 
m=1 m! 


a 
/ 


im——[(n—1)/2] 


(4) 


= 
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Corresponding to the m-point formulas for direct interpolation, n 
ranging from 3 to 7, we define quantities r, s, t, u, » and w thus: 


3-point 4-point 
Si — 2fot+f- 3(fr — 2fo + 
fa fue — fet Of: — — 2fa 


t=urrv=w=0. 


5-point 
24(fp 


Oi — — 


u=v=w= 


6-point 
120(fp — fo) 


r 


a — 30a + 120f, — — Of at 

5(— fe + 16f1 — 30fo + — f-s) 
4fs — 30f2 + 120f: — 40fo — 6Of_1 + 

5(— fa + — + 10fo — f_1 — f-2) 
4fs — 30f2 + 120f; — 40fo — 60f_1 + 6f_s 

— 4fit Gfo—4fatfs) 
— 30f2 + 120f; — 40fo — 60f_1+ 6f_s 

Ss — Sf2 + 10/4, — 10fo + f-2 
4fs — 30f2 + 120f: — 40fo — 60f_1 + 6f-2 


w=0. 


_ 16fi — + — fs 
— + 16f, — + 2f-s 
— 2fit 

— + 16f; — + 2f-s 

_ Matha 
— + — + 2f-s 


,=w=0. 


7-point 
12fs — 108f2 + 540f, — + 108/4 — 12f-s 
2(2fs — 27f2 + 270f; — 490fo + 270f_1 — 27f_2 + 2f-s) 
12fs — 108f2 + — 540f_1 + 108/_. — 12f_s 
al 15(— fs + 8f2 — 13f, + 13f1 — 8f-2 + f-s) 
12fs — 108f2 + 540f, — 540f_1 + — 12f-s 
5(— fs + 12f2 — + S6fo — 39f_1 + 12f_2.— f-s) 
12f; — 108f2 + 540f, — 540f_1 + 108f_2 — 12f_s 
nf. 3(fs — 4f2 + — + 4f-2 — f-s) 
12fs — 108f2 + 540f, — 540f_1 + 108f_2 — 12f_s 
12fs — 108f2 + 540f, — 540f-, + — 12f-s 


Then in every case (4) assumes the form 


, 
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p=r—r*s + — t) + r*(— Ss* + Sst — u) 
+ 75(14s* — + 322 + 6su — 2) 
+ r°(— 42s5 + 84s*t — 28st? — 28s7u 
+ 7iu + 7s0—w)+---. 


When (5) is employed for interpolation for a number of values 
within the same interval, the only variable is r*. 


From (5) which gives p(r), it is immediately apparent that for nu- 
merical integration of the inverse function we obtain 


(S) 


Tp 
t d = 0 h d 
(6) = + f an 
while for the mth derivative of the inverse function we have 
(7) x™ (fy) = (hr™/(fp — fo)™) 
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ALMOST ORTHOGONAL SERIES 
RICHARD BELLMAN 


1. Almost orthogonal series. Let us consider an infinite sequence 
{ba(x)}, m=1, 2, - - - , of complex-valued functions of the real vari- 
able x, of class L?(a, b), normalized so that P2\on(x) | *dx =1 for all n. 
Assume further that the sequence satisfies the following condition 


(1) | ama |? < 
where (m¥n;n, m=1, 2,---), dmn=0, m=n. 


We wish to show that under the above conditions we have a Bessel 
inequality and an analogue of the Riesz-Fisher theorem. 


THEOREM 1 (BESSEL’s INEQUALITY). Under the above conditions, let 
f(x) be a real-valued function belonging to L*(a, b), and bn = fgndx, then 


f 


fs 


Using Schwartz’s inequality, this becomes 
n b 1/2 b n n 1/2 
1 = a a 1 1 
6 1/2 n n,n 1/2 

a 1 
b 1/2 n 
[| 
= a 1 

n,n 1/2 n,n 1/2-41/2 
| 

1,1 1,1 

b : 1/2 n 1/2 

a 1 


1/2-1/2 
{it | 
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Hence, simplifying, 


Eins (fist) 


and since this is true for all m, the result is obtained. 


THEOREM 2 (ANALOGUE OF RIESZ-FISHER). Under the above condi- 
tions, if >.? | b,| 2< «, there exists a function f(x)CL*(a, b) such that 


and therefore limn.« fgndx) =0. 
Let then 


b 
| su — Sa|*dx 


=> | by |? + 


n+l nt+1sk,lsm 


n+1 


(using Schwartz's inequality). Hence, since < ©, s, converges in 
mean to a function f(x) CL?(a, 6), that is, 


lim f | f(x) — s,(x) |%dx = 0. 


We have, k<n, 


-f = -f x +f (sn — f)oxdx, 


|sa—f| | ox | dxs (f lf- 
lf- 
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b 
bh f Snbidx 


D 

j=1 

D | | 
1 


n n 1/2 
(Sol) 
1 j=1 
b 1/2 
Let n— this becomes 


Hae < ( wilt) ( 


Squaring both sides, and summing over k, 


which is the result in question. 


lA 


lA 


Hence, 


2. An ‘‘almost” moment problem. Let us consider the sequence of 
functions {eat /(b—a) 1/2 } , the A, being real and distinct, over a finite 
interval (a, b). Then we have the following theorem. 


THEOREM 3. If ©, and 0, there ex- 
ists a function f(t)CL*(a, b), such that 


f 
a 


Therefore, in view of the hypothesis, this is a corollary of Theorem 2. 


We have 


PRINCETON UNIVERSITY 


| 


A KNOWN PROBLEM OF GEOMETRY AND ITS 
CASES OF INDETERMINATION 


J. HADAMARD 


A recent note! induced me to resume the classic problem (Ps) and 
its natural generalization: 

(Po) To construct a square, the sides of which go through four given 
points. 

(P) To construct a quadrilateral Q(X YZT) similar? to a given quad- 
rilateral q with its sides XY, YZ,---, respectively passing through 
four given points K, L, M, N. 

The solution of (Po) is classic: we immediately get a locus for each 
vertex, namely the circumference having KL, LM and so on for its 
diameter. Moreover, the diagonal XZ of the required square must 
again cut the half circumference of diameter NK at its middle point a 
and, similarly, the half circumference of diameter LM at its middle 
point . This generally determines it, whence the required construc- 
tion directly results. 

The solution extends automatically to (P): 

(i) We know a circular locus for each vertex of the unknown quad- 
rilateral. 

(ii) We also know the two points a, y where the diagonal XZ inter- 
sects the loci of the vertices X, Z. 

This generally allows us to draw the required quadrilateral and: 

(iii) The quadrilateral Q constructed in that way is actually simi- 
lar to g and, therefore, satisfies all the conditions of the problem. 

The verification of the latter fact offers no difficulty; but it must be 
insist ed on, for it is quite essential for what we are going to say. In- 
deed » instead of reasoning on the diagonal XZ, we could operate in 
the same way on the other diagonal YT, of which, similarly, we know 
two points 6, 5, respectively belonging to the circumferences which 
are the loci of the vertices Y and T; and it results from (iii) that this 
second construction necessarily gives the same result as the first one. 

But, moreover, a singular case may occur, namely that in which 


Received by the editors February 21, 1944. 

1 Mathematicae Notae. Boletin del Instituto Matematica vol. 3 (1943) p. 155. 

2 In the above-mentioned note, it is investigated whether the given points are on 
the sides themselves or on their prolongations, a question which we shall not examine. 

On the other hand, for us, every similitude is meant to be a direct one. This is 
the reason why, from our point of view, the problem generally admits of one solution, 
while in the article in Mathematicae Notae it is considered as having two of them. 
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the problem is indeterminate? this happens when a@ and y coincide. 
Now, if so, the same circumstance must appear when operating on 
the diagonal YT so that: 

(iv) If a coincides with y, then B also coincides with 6. 

It is that remarkable circumstance which has seemed to me worth 
studying and, more generally, induced me to consider the relations 
between the points a, 8, y, 6. 

I. In the special case of problem (Po), everything can be settled 
by the properties and, especially, the rules of composition of rota- 
tions. Let us choose as unit angle the right angle in the direct sense 
(the retrograde right angle being denoted by —1). The triangles 
aNK, and so on, being right-angled and isoceles, we have (the perime- 
ter of our square being assumed to be described in the direct sense) 


(1) (a2) K=a,N, (b+) L=6iK, M=yL, N = 6M, 


this meaning that K results from N by a direct rotation of a right 
angle around a, and so on. Therefore, we also have 


(2) L= Bia,N, 


where the rotation w:;=f,a; is through the angle 180°, so that its 
center w is the midpoint of LN. Moreover, the half-turn dy: changes 
N into L and, therefore, is nothing else than ,a,. 

Now, the rules of composition of rotations show that w is the vertex 
of a right-angled isosceles triangle, the hypotenuse of which is af, 
and similarly for y5. We are here taking into account the senses of 
the angles, 


(3) B=w10, 6 = 


This gives the answers to our questions: 

(i) As the retrograde rotation w_;, which is through a right angle, 
changes @ into 8 and y into 5, we see that Bd is perpendicular to ary 
and equal to ay. 

(ii) The first part of this conclusion is evident on account of the 
fact that our problem is possible, as a8 and yé are segments of the 
two diagonals of the square. But the question of senses deserves con- 
sideration. 86 is deduced from ay by a rotation of —1, while bd is 
deduced from ac by a rotation of +1. Therefore, if we inquire whether 
ary is of the same sense as ac, and whether 88 is of the same sense as bd, 


3 A single case of that kind has been mentioned, as far as we know: in the Nouvelles 
Annales de Mathématiques (see footnote 4), Laisant notices that indetermination 
takes place for a square circumscribed to a square. 
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the two questions necessarily admit of contrary answers. If the dia- 
gram is such that K, L, M, N lie on the sides of the square them- 
selves? (and not on their continuations) and a, B, y, 6 on the diago- 
nals themselves, we can say that if the segments aa, cy overlap, the 
segments 58, dé do not, and conversely. 

(iii) The equality 86 =ay shows us why 6 must coincide with 8 if y 
coincides with a. 

(iv) The condition for that is that the two lines LN, KM be equal and 
perpendicular to each other (in other words, that the parallelogram 
whose vertices are the midpoints of the sides KL, LM, and so on, be 
a square), as the rotation a, must change N into K and L into M. 

Similarly, both products 718: and a4; give a rotation of a half-turn 
around the midpoint 7 of KM, so that 


(3a) = 7-18, a = 446. 


(v) The comparison of (3a) with (3) shows that the half-turn r_,o_1 
takes place around the midpoint C of ay and the half-turn wr, 
around the midpoint D of 86. 

There are, therefore, two right-angled isosceles triangles having CD 
for their common hypotenuse and w, 7 for their vertices, located on 
both sides of CD. The midpoints of KM, LN and the midpoints, C, D 
of avy, B65 are the vertices of a square. 

II. In order to treat the case where the given quadrilateral is no 
longer a square, but has an arbitrary shape, we must find the laws 
of composition not only of rotations, but also, more generally, of 
similitudes in the plane.‘ 

When we shall speak of similitudes, it will be implicitly understood, 
if not otherwise specified, that we mean direct ones, in which not only 
the magnitudes but also the senses of the angles shall be preserved. 
In such a similitude, any line MN in the second figure F is in a con- 
stant ratio r and makes a constant angle ¢ with the corresponding 
one M,N, in the first figure Fy; this can be expressed algebraically 
by saying that the two complex numbers which represent MN and 
are in the constant complex ratio p =re**. 

If that ratio is equal to 1 (that is r=1 and ¢=0), the similitude 
reduces to a translation. In any other case, there is one and only one 
point a—which we shall call the center of similitude—such that the 


‘ A study of plane similitudes has been developed by Giusto Bellavitis, under the 
name of Theory of equipollences. It has been expounded in French in the Nouvelles 
Annales de Mathématiques vol. 8 (1869) (by Houél) and in a complete translation 
of Bellavitis’ memoir in the same periodical, vol. 12 (1873), by Laisant. But the loca- 
tion of the new center in a product of two similitudes is not examined by Bellavitis. 
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lines joining it to any point My in Fy and to its homologue M in F 
are represented by imaginaries the ratio of which is p. Thus, the tri- 
angle aM,M will be similar to a fixed triangle oaga. Such trans- 
formations can be denoted by ai4,,) (this differs from our former nota- 
tion for rotations only by the introduction of the homothety ratio r, 
the angle ¢ being still measured with the direct right angle as unit) 
or by (aga), the relation 
M= (oagay)M 0 


meaning that the triangle aM,M is directly similar to oaoa; oaga can 
be called the characteristic triangle of the transformation. 

Now we have to represent the product‘ of two such similitudes 
So, S: with centers a, 8 and complex ratios pp =ree**, p: = 

If the two centers coincide at a, the answer is simple: the product- 
similitude will have again a as its center, with a rotation angle ¢9+¢: 
and a similitude ratio ror:. If we draw the two characteristic triangles 
so that they have one side oa in common, the resultant characteristic 
triangle will consist of the two remaining sides 0a 9, 0a;, and the con- 
necting line 

The latter relation subsists in any case; but when the two centers 
do not coincide, we must find the center of the product-similitude 
Si So. 

We shall refer this general case to the first one by considering, as 
an intermediary, the composition of an arbitrary similitude So =a (aya) 
with a translation. The latter will not alter the rotation angle ¢» nor 
the similitude ratio ro, but there will be a new center a’ such that, 
My, being any point of the original figure, M its transform by the 
given similitude, and M’ the transform of M by the translation, the 
triangle a’M,M’ will be similar to the characteristic triangle oaoa of 
So. Now, we immediately see that the segment aoa’ connecting this 
new center with the original one a can be deduced from M)M’, that is 
from the given translation, by a similitude the center of which is Mo 
and the characteristic triangle the same as above, only with a differ- 
ent order of the vertices. Conversely, if a first similitude is given, 
another similitude with the same rotation angle and the same homo- 
thety ratio, but another center, can be considered as the product 
of the first one and a translation, the direction and magnitude of 
which are in the relation just obtained to the direction and magnitude 
of the line connecting the two centers. 

We master the general case by simply combining the two above re- 
sults. In order to obtain the product of the similitude So=@a(eaga) fol- 
lowed by the similitude S:=8 (ac, (the two characteristic triangles 
being located so as to have the common side oa), we begin by intro- 
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ducing the intermediary operation S’ equipollent with S,; (that is, 
having the same characteristic triangle) and homocentric with Spo. 
The product S’So is 

S; is deduced from S’ and, therefore, S:S» from S'S») by composi- 
tion with a translation T, the direction and magnitude of which are 
determined by submitting af to a rotation whose angle is equal, in 
magnitude and sign, to £Z01a;, and changing its size in the ratio 
aa;/ao. 

Now, let w be the center of the product-similitude. The translation 
T is the same one which corresponds to changing S’S» into the equi- 
pollent operation S,S». Therefore, the imaginary quantity which rep- 
resents the segment aw will be given by the relation 


(aw) = X(T), 
where the complex coefficient \ is 
(4) dX = (ao0)/ (aoa) 


(every segment within parentheses denoting the corresponding com- 
plex quantity). In a purely geometrical and real language, the seg- 
ment aw will have the magnitude ||| 7], with 


(4a) |X| = 
and the direction making with T the angle 
(4b) = 20004. 


Now, the form of the quantity (4) (taking into account the expres- 
sion of T, a complex cross ratio) or, which is equivalent, the formulae 
(4a), (4b) suggest a rather unexpected, but unavoidable, connection 
with inversion. Let ao, a, a: be the inverse points of ao, a, a: with re- 
spect to o as pole: the triangle aw8 will be inversely similar to ayaao. 
It can be deduced from a triangle constructed on af and directly 
similar to agaa; by a symmetry with respect to the axis of af. 

III. The case of a lozenge can be investigated, with the exception 
of one single result, with the help of rotations only. Let 20 and 
20’ =2—26 be the angles of the lozenge, still measured in right angles; 
the points K, L, M, N will be deduced from N, K, L, M by successive 
rotations around a, 8, y, 6, the angles of which will be alternately 26 
and 20’. Therefore, formulae (1a)—(1id) are to be replaced by 


K = L = Ba K, M = N = 
As the two angles of the lozenge are supplementary, we shall have 


L = = wN, N = = wl, 
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w being again the midpoint of LN and, therefore, 
8 = 


so that the segments ay, 85 must have perpendicular directions (with 
the same circumstance as above concerning senses) and a ratio be- 
tween them equal to r=tan 0 = xz/yt. 

The condition for indetermination is that the lines KM, LN be 
equal to each other and intersect at an angle equal to one of the 
angles of the lozenge. 

The only essential difference from the above case is that the tri- 
angles waf, rBy, are no longer isosceles. We must introduce 
the similitude 2 obtained by the rotation —1 around w, combined 
with a homothety of ratio r, with respect to the same point as well 
as the analogous operation 2’, one of which changes @ into 8 and y 
into 6, the other changing 8 into y and 4 into a. It results therefrom 
that the midpoints C, D of ay, 86 and the midpoints w, x of KM, LN 
are the vertices of a quadrilateral (a so-called “rhomboid”) with two 
right angles, which has CD as an axis of symmetry, the latter dividing 
it into two right-angled triangles similar to those into which the 
lozenge is divided by both its diagonals, while each of the triangles 
Cwr, Dwr is similar to one of the halves into which the lozenge is 
divided by a single diagonal. 

IV. Let us now take the general case of an arbitrary quadrilat- 
eral g. The successive similitudes which transform N into K, and so 
on, have their centers at a, 8, y, 5; their characteristic triangles can 
be obtained in the following way. Let® the diagonals xz, yt of g inter- 
sect at o: if, from 0, we draw ok, ol, om, on perpendicular to the sides 
of g, onk, okl, and so on, will be the characteristic triangles. 

We see that if these four similitudes were homocentric, their prod- 
uct would be the identical transformation. If they had different cen- 
ters, the product would, as a rule, become a translation. But, in our 
case, there is at least one point which finally remains unchanged, 
namely N: therefore, this translation must be zero and the product of 
the four similitudes 


S = Qionk)s S’ = B okt); S” = Yelm), = comn) 


must again be the identical transformation. 
The operation S’’’S’’ is the same as the operation S—'S’—?: it 
changes L into NW and its characteristic triangle is oln. We can find 


5 An exceptional case, which ought to be examined separately, would occur if the 
diagonals of g were parallel, a circumstance which is possible if g, instead of being a 
proper quadrilateral, were a self-crossing four-sided closed line. 
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its center, and even in two different ways, by our rule of composition. 
This introduces the inverse points k, 1, m, n of k, 1, m, n with respect 
to a circle having its center at o: in other words, the poles of the sides 
of g with respect to that circle. The connecting lines kJ, Im, and so 
on, being the polar lines of the vertices x, y, 2, t, our four inverse 
points are the vertices of a parallelogram.® 

The triangle kin is equal to mni/; the two triangles waf, wyd are 
directly similar to each other and inversely similar to the triangle 
kin. Therefore, the segments avy, 86 are in the ratio kl/kn, which is 
equal to xz/yt (denoting by x, y, z, ¢t the inverse points of x, y, 2, t) 
= (xz/yt) - (oy-ot/ox-oz). 

As to the angle between these segments, it is, as is evident a priori, 
the angle between the diagonals of g. We can see, at least when g is 
assumed to be convex,’ that the question of senses is to be answered 
as previously: for, in that case, the angle 2 nkli is supplementary to 
Lxoy. 

The product SS’’’ is the same as S’—!S’’—": its characteristic triangle 
is okm; its center m is such that each of the triangles ry, wéa is in- 
versely similar to nkm. 


m n 


The product of the similitude followed by 2’ 
transforms @ into y, and the product of the same factors with re- 
versal of the order changes 8 into 6. Each of them is a half-turn, as 
is seen by assembling the triangle mn/ with a triangle mln’ equal 
to nkm, so that their centers will be the midpoints C, D of ay, 66. 


* In the case of a lozenge, Almn would be a rectangle, which is decomposed by 
both its diagonals into four triangles, similar two by two to one-half of the lozenge. 

? This condition is not satisfied in the problem which is the object of the article in 
Mathematicae Notae, in which g is formed by four consecutive sides of a regular 
polygon or their prolongations: such a quadrilateral is, of course, concave, except for 
a square or a regular pentagon. At least, matters are such if the sides are taken in 
their original order, which is not necessary (see footnote 9). 
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The relations of these centers with w, 7 are given by our rule of com- 
position; having transferred the triangle nkm into a position mln’ 
adjacent to min along mi (see the figure), the triangle Cwx must 
be inversely similar to the triangle Avv’ the vertices of which are the 
inverse points of 1, n, n’ with respect to m, that is, as is easily seen, 
to the triangle formed by kn and the two diagonals of the parallelo- 
gram klmn. We shall see, in the same way, that the midpoint D of 
86 forms with w, 7 a triangle inversely similar to the one the sides 
of which are ki and the two diagonals, so that the points C, D, w, 7 
are on the same circle and divide it harmonically. The point J of inter- 
section of the diagonals XZ, YT also belongs to that circumference.* 

When gq is itself a parallelogram, the condition for the coincidence 
of a with y can be easily found and proves to be the same as that 
which implies the coincidence of 8 with 6; for in this case the simili- 
tude S’’ will be the same as S, whence it immediately follows that the 
segments KM, LN must intersect at the same angle and be in the 
same ratio as the sides of the given parallelogram; in other words, 
the midpoints of KL, LM, and so on, must be the vertices of a paral- 
lelogram similar to g. 

In the general case the question is more complicated. The fact that 
kImn is a parallelogram is again essentially needed for its solution. 
Let okl, omn be two triangles assumed, for simplicity’s sake, to be 
entirely exterior to each other except for the common vertex o. Let 
us consider the replacement of the second triangle omn by any (di- 
rectly) similar one om mn, having still a vertex at o, the other triangle 
okl remaining fixed. Among the transformations of this kind, there is 
precisely one such that the inverse points of the four vertices with 
respect to the pole o, taken in their due order, form a parallelogram; 
when this condition is satisfied, we can say that we have the reduced 
form of the diagram. 


* That J, C, D, w, x are concyclic can be seen in a more direct way: for any circle 
through w, J divides ay and 86 similarly—an elementary consequence of the direct 
similitude of wa8, wy8; and so does any circle through x and J, but with an exchange 
between the roles of 8 and 4. It is clear that both correspondences agree when and only 
when the points of division are the midpoints. 

In the case alluded to in footnote 5, the triangles onk, okl, olm, omn can be ob- 
tained by considering any segment ox parallel to the common direction of the diago- 
nals of g and drawing from x parallels to the four sides of the polygonal line; ok, ol, 
om, on will be perpendiculars dropped from o on the lines thus drawn. The inverse 
points k, J, m, n will all lie on one straight line perpendicular to ox, so that w will be 
the intersection between af and é, x the intersection of By and ga. Then CDwr 
will be a straight line, divided harmonically by the two diagonals. As to the ratio 
83/ay=kI/kn, it is easy to see that it will be equal to xz/yt. 
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In the contrary case, let the original diagram oklmn be arbitrary. 
Applying a transformation of the aforesaid kind which changes m,n 
into m,, m, let us consider the two intermediate triangles olm, onk, 
which are changed into olm, om,k. On the basis /m, we can construct 
a triangle Jm,o, directly similar to /mo and, on the basis mk, the tri- 
angle m,ko{ directly similar to nko; in general, the two new vertices 
0, 0; will be different. They will coincide if the original diagram is a 
reduced one.*® 


New York City 


® The problem would require further investigation because there is no reason not 
to consider the complete quadrilateral formed by the sides of g and, therefore, we 
ought to apply the present considerations to three diagonals instead of two. 


NOTE ON CONVEX SPHERICAL CURVES 
L. A. SANTALO 


1. Introduction. The formula 


(1) L = 


for plane convex curves in which L is the length and a the breadth 
according to the direction 7 is well known [2, p. 65]. 

The principal object of the present note is to obtain the formula (8) 
which generalizes (1) to convex curves on the sphere of unit radius 
and to deduce from this some consequences. 


2. Principal formula. Let us consider the sphere of unit radius. A 
closed curve on the sphere is said to be convex when it cannot be cut 
by a great circle in more than two points. It is well known that a 
convex curve divides the surface of the sphere into two parts, one of 
which is always wholly contained in a hemisphere; that is, there is 
always a great circle which has the whole convex curve on the same 
side. When we say the area of a convex curve K we understand the 
area of that part of the surface of the sphere which is bounded by K 
and is smaller than or equal to a hemisphere. 

Let K be a convex curve on the sphere of unit radius of length L 
and area F (LS2x, FS2r). The great circles which have only one 
common point or include a complete segment common with the curve 


Received by the editors January 21, 1944. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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K are called “great circles of support” of K. In each point of K for 
which there exists a tangent great circle the great circle of support 
coincides with this. 

Let 7 be the angle between a fixed and a variable great circle of 
support and s the arc of K. If p, is the radius of geodesic curvature 
of K the following formulas are known [4, p. 712], 


(2) p, = ds/dr, f aio. = fa = 2x — F. 
L K 


Let C be a great circle which cuts K. We suppose C “oriented” 
and to each orientation we make correspond one of the points P, of 
the two in which the diameter perpendicular to C cuts the sphere. 
If we consider all the great circles which cut K (each one of these 
counted twice to correspond with the two orientations) the area cov- 
ered by the points P, has the value 2L [4, p. 709]; that is to say, 
if dP. represents the element of area of the sphere of unit radius corre- 
sponding to the point P., 


(3) f dP, = 2L. 
C-Kx0 


The convex curve K being fixed, the oriented great circle C or, what 
is the same, the point P., can be determined by the point A of K in 
which the great circle orthogonal to a circle of support of K is also 
orthogonal to C, and by the distance a from A to C (Fig. 1). If r is 


Fic. 1 


the angle which determines the great circle of support of K in the 
point A, the coordinates to determine P, will be a, 7. We must then 
express the element of area P, as a function of the coordinates a, r. 


‘ 
Cc / 
A \ 
/ 2 
/ 
/ 
~~ 
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Suppose first that a remains fixed and 7 passes to r-+dr. The point 
P. will describe an arc P,P? =do, the value of which is (Fig. 2) 


(4) do = sin (x/2 — a + ¢)dy = cos (a — ¢)dy, 


Fic. 2 


¢ =AO being the radius of spherical curvature of K at the point A. 
As a function of the radius of geodesic curvature it is 


(5) tan @ = p, = ds/dr. 


The element df =AOA’ is the angle between the great circles or- 
thogonal to K in A and A’. The area of the quadrilateral AOA’E has 
the value (x —dr)+dy+a2—22 =dy—dr. But save for infinitesimals 
of secondary order the same area is also equal to the area of the circu- 
lar sector AOA’ which has the value (1—cos ¢)dy. In consequence 


(6) dr = cos ¢dy. 


If + remains fixed and a passes to a+da, the point P, describes an 
arc da upon the great circle P.A. Therefore, taking into account (4) 
and (6) the element of area dP, will be expressed 


dP, = doda = (cos (a — ¢)/cos ¢)dadr, 


A 
Pe 
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that is to say, in accordance with (5), 
(7) dP. = cos adadr + sin adads. 


Let us substitute this expression in (3). For each value of s (or 7) 
the arc a can vary from 0 to the breadth a of K corresponding to the 
point s (or direction r). Therefore 


f ap.= { ar f cos ada + f ds f sin ada, 
c-K0 K 0 L 0 


or, in accordance with (3), 


(8) L= f sin adr — f cos ads. 
L 


This is the principal formula we wished to obtain; it is valid for 
any convex curve K on the sphere of unit radius. The breadth a cor- 
responding to a point A of K is equal to the arc AB (Fig. 1) of the 
great circle orthogonal to K at the point A comprehended between A 
and the next point of intersection with another great circle of support 
of K also orthogonal to AB. 


3. Dual formula. By duality [4, p. 710] to the breadth a corre- 
sponds the arc +—h, h being the arc AE (Fig. 3) of the great circle 


Fic. 3 


orthogonal to K at the point A which is interior to K. Moreover the 
length L must be replaced by 2x — F, ds by dr and dr by ds. Therefore 
transforming by duality the formula (8) we shall obtain 


(9) 2x1 —F= f sin hds + f cos hdr. 
L K 


4. Consequences. (a) Let 6B be the minimum breadth of K, that 
is to say the minimum value of a, and 6 the maximum value of a; 6 is 
equal to the “diameter” of K. Let us suppose that BSaséS7/2. 
Then sin 62sin a, cos 6Scos a, and from (8) and (2) we deduce 
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L (22 — F) sind — Lcosé 


from which we have 


(10) L/(2x — F) tan (6/2). 
Similarly, sin a2sin B, cos aScos B, and consequently 
(11) L/(2e — F) = tan (8/2). 


Therefore: On the sphere of unit radius for any convex curve K of mini- 
mum breadth B and diameter 6S1/2, the inequalities (10) and (11) are 
verified. 

(b). In (10) and (11) there is equality only when a=8 = 6=const., 
that is to say for the cases of convex curves of constant breadth. These 
curves of constant breadth on the sphere have been studied by 
Blaschke [1]. For such curves it is deduced from (8) that 


(12) L = (22 — F) tan (a/2). 


This formula, obtained also by Blaschke [1], appears here as a par- 
ticular case of our general formula (8). 

(c). It is well known that isoperimetric inequality L?+(2x—F)? 
24’ holds for any convex curve K on the unit sphere and that the 
equality is only true for the circles [4, p. 718]. This isoperimetric in- 
equality and (10), (11) give us 


(13) F S 2x(1 — cos (6/2)), L 2 2x sin (8/2). 


Consequently: upon the sphere, given the diameter 5<2/2 the convex 
curve of maximum area ts the circle of radius 6/2; given the minimum 
breadth B the curve of minimum length is the circle of radius B/2. 


(d). If the convex curve K has continuous geodesic curvature, from 
(9) and (2) we deduce 


(14) f sin (h/2)(po- sin (h/2) — cos (h/2))ds = 0 
L 


and we therefore have the theorem: In any convex curve on the sphere 
of unit radius with continuous radius of geodesic curvature there are at 
least two points for which 

= tan (h/2), 


h being the chord of K orthogonal to K at the point considered. 
Analogously from (8) and (2) we deduce 


(15) fos (a/2)(p,- sin (a/2) — cos (a/2))ds = 0 
L 


= 
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and therefore: in any convex curve on the sphere of unit radius with con- 
tinuous radius of geodesic curvature there are at least two points for which 


p, = tan (a/2), 
a being the breadth of K corresponding to the point considered. 


5. Passage to the case of the plane. Considering a sphere of radius 
R and making R->, the anterior formulas transform themselves 
into valid formulas for plane convex curves. 

The principal formula (8) if K belongs to a sphere of radius R is 


written 
L ae a ds 
f sin=ar— f =; 
R Kk R L R R 


multiplying both sides by R and making R-> we obtain the well 
known formula (1). 
The formula (9) taking into account (2) may be written 


h h h 
ff Sar = f cos — ds. 
K 2 L 2 2 


Writing this formula for a sphere of radius R, multiplying after- 
wards both sides by R? and making R= we obtain 


2r 
(16) J= f hds = 27 hdr. 
L 0 


In this formula h is the chord of the plane convex curve K normal 
to this at the point s (or r). 

The element hds which appears in the first expression of J in (16) 
is the area of a strip of K with the height 4 and base ds. If a point 
P(x, y) interior to K belongs to v of these strips, from P there will 
be v normals to K and the element of area dxdy will be counted v 
times in (16). Hence, if » has a finite value for any P interior to K, 
the integral J is also equal to 


(17) r= f f 


v being the number of normals to K from the point P(x, y) interior 
to K. 

If there are points with y= © (for instance the case of the circle) 
the integral (17) must be considered as the limit of the similar ones 
referring to convex curves K, (with v always finite) which tend to K. 

It is interesting to study the limits between which the integral J 
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is bounded. From any point P(x, y) interior to K may be traced al- 
ways at least two normals to K, joining in straight lines P with the 
points of K of minimum and maximum distance to P. Consequently 


(18) J = 2F. 


From another aspect, the second expression for J in (16) shows 
that J is equal to the area that is obtained by extending from a fixed 
point of the plane segments of length / parallel to the direction 7; 
as h is less than or equal to the length of the maximum chord of K 
which also has direction perpendicular to the line of support of direc- 
tion r, a known theorem of Rademacher about vector regions of con- 
vex curves [3; 2, p. 105] tells us that 


(19) J < OF. 


(18) cannot be bettered, it being sufficient to consider a triangle 
with an angle approximating to 7 in order that J comes near 2F in 
such degree as we should wish. 

The inequality (19), on the contrary, is probably excessive. For the 
convex curves of constant breadth a we have 


(20) J = La = ra’. 


If we recall that the triangle of Reuleaux [2, p. 132] is the figure 
which, given the constant breadth a, has minimum area of value 
(x — 3"?)a?/2,we see that F2 (x — 3"/*)a?/2 and consequently from (20) 
we deduce 


(21) J S 2nF/(x — = 4,4576 - - - F. 


It is probable that this superior bound is valid not only for con- 
vex curves of constant breadth but also for any convex curve of the 
plane. Nevertheless I have not been able to prove this last assertion. 
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THE DETERMINATION OF SOME PROPERTIES OF A 
FUNCTION SATISFYING A PARTIAL DIFFERENTIAL 
EQUATION FROM ITS SERIES DEVELOPMENT 


STEFAN BERGMAN 


1. The method of integral operators. The solution of an equation 
and its associate. The method of integral operators in the theory of 
linear partial differential equations of the type! 


L(U) = (Uzz +U yy)/4 + A(x, y)U2/2 + B(x, y)U,/2 + C(x, y)U 


(1.1) 
Us + 2 Re [a(z, Z)U.] + c(z, = 0, 


where 
z=x+iy, #=x-—iy, U, = [(0U/dx) — i(aU/ay)]/2, 
Uz = [(8U/dx) + i(0U/dy)}/2, 


consists in associating with an arbitrary analytic function f(£) of a 
complex variable {, by means of an operator of the form 


(1.2) U(z,2) = M(f) =Re [P(f)], 
(1.3) u(z,2) = P(f) = z, t)f(2(1 — #)/2)dt/(1 — 


a solution U(z, 2) of the equation (1.1). 
E=E(z, z, t), |t| $1, is any analytic function of z and which satis- 
fies the equation 


(1.4) G(E) = (1 — #)(Ex + cE.) — t"(E, + aE) + 22tL(E) = 0, 


is regular in a sufficiently large domain and has the property that 
(Ez+AE)/z2t is continuous at 7=0, 

REMARK. An operator (1.2) is determined by choosing a particular 
function E (the generating function of the operator) which satisfies the 
above requirements. 

Let U(z, 2) be a function which satisfies the equation L{U) =0 and 
which is an entire function of two complex variables x-and y, that is, 
a solution of (1.1) whose series development 


Presented to the Society, April 28, 1944; received by the editors December 10, 
1943. 

1 Since we consider the functions u(z, 2) for real values of x and y, that is for z 
and Z conjugate, it would be, of course, sufficient to write simple u(z). We shall, how- 
ever, use the first notation in order to stress the fact that u(z, 2) isa (complex) analytic 
function of two real variables x, y, reserving u(z) for analytic functions of one complex 
variable. 
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(1.5) U(s,2) = = Dan = Dam, 
m,n=0 m,n=0 
converges for |x| |y| 

The problem with which we shall be concerned in §§2 and 3 of this 
note is to determine an upper bound for the growth of U(x, y) for real 
values of x, y from certain subsequences of the coefficients, Dan, of its 
series development (1.5). Further we shall give in §4 a condition in 
terms of Amo for V=) nano Am,»2"2", L(V)=0, to have only one 
branch point of certain type on its circle of regularity. 

If f(z/2) is an analytic function which is regular in the circle | 2| Sp, 
then clearly u(z, 2) will be an analytic function of two real variables 
in the circle x?+?<p*. The converse is not necessarily true. 

If E(z, Z, t) possesses the property that to every u(z, 2) which is 
regular in a circle x?+y?<p? there corresponds a unique function 
f(z/2) which is regular in the circle | z| <p1,p1>0 and independent of f, 
then we shall say that E is a generating function of the type <A, or that 
E belongs to ¢/. If in addition to this, for every f, p:=p then E will 
be said to be a generating function belonging to B. In a previous paper, 
[1a],? it was shown that to every equation L(U)=0 where a and c 
are entire functions of z and 2, there exists an E(z, 2, t) (a generating 
function of the first kind) of the form 


(1.6) E(z,z,4) = [exp (- | [1 + 


where E* is a regular function. 

The operator (1.3) where E is of the form (1.6) possesses the prop- 
erty that if u(z, 2) is regular in a simply connected domain which 
includes the origin, then f(z/2) is also regular in this domain, and 
hence E in this case belongs to B. 

The function f which upon application of the operator P yields u 
will be denoted as the associate of u with respect to the generating 
function E. (Often, however, we omit the last phrase.) 

RemaRkK. If we change the generating function E, we change the 
law connecting the real and imaginary parts, U and V, of the ob- 


2 The numbers in brackets refer to the following papers: 1. S. Bergman, a. Rec. 
Math. (Mat. Sbornik) N.S. vol. 2 (1937) pp. 1169-1198; b. Trans. Amer. Math. Soc. 
vol. 53 (1943) pp. 139-155; c. The hodograph method in the theory of compressible fluids, 
Brown University, 1942; d. Proc. Nat. Acad. Sci. U.S.A. vol. 29 (1943) pp. 276-281; 
2. L. Bers and A. Gelbart, Quarterly of Applied Mathematics vol. 1 (1943) pp. 168- 
188. 3. L. Bieberbach, Funktionentheorie, vol. 2, 1927; 4. G. Darboux, La theorie 
génerale de surfaces, vol. 2, 1915; 5. K. L. Nielsen and B. P. Ramsay, Bull. Amer. 
Math. Soc. vol. 49 (1943) pp. 156-162; 6. A. Zygmund, Trigonometrical series, 1935. 
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tained (complex) solution, u. That is to say, if for a given L we have 
two generating functions E, and E; and two functions f;, fe, such that 
fi) and U1+-iV2= P2(f2), then V; in general differs from 
V2. 

In the case of the generating function of the first kind the corre- 
sponding complex solutions 


(1.7) u(z,Z) = > A mn2"2Z", Ago real, 


mn=0 


have the property that 
(1.8) CaA me = Om, Cm = + + 1/2), 


= Ago exp [- f a(0, 


where the a, are the coefficients of the series development f(f) 
,a,¢* of the associate function f. 

In this case we may also express the a,, in terms of the coefficients 
Dn of the real part of u(z, 2), U(z, 2). Substituting 2=0 in 


+ z, — #)/2))dt/(a — #1 
we have by (1.5) 


(1.10) 
+ f(0)x exp (- f a(0, 


Thus from given D,,9 and 4(0, 2) we may determine the a,, and, 
therefore, by the classical results of the theory of functions the order 
of the growth of the associate function f in (1.3). Consequently if in 
addition we know the order of the growth of E we can obtain by (1.3) 
an upper bound for the order of the complex solution, and hence for 
its real part, U. 


2. Relations between the series developments of U and its asso- 
ciate in the general case. However in applying this method it is 
extremely important to obtain the lowest possible order of growth 
for the function E, and it is for this reason that in some instances we 
shall consider functions E belonging to <4 but of different structure 
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than those of the first kind. The price we have to pay for this is that 
the laws connecting the coefficients D,,, and the a, will be consider- 
ably more complicated than those which follow from (1.8).* If now 
we put 2=0 in (1.9) and set 


(2.1) E(0, z, é)dt/(1 — #)/2 = 
then we obtain 
(2.2) = — 2F(0)Ln 
where 


1 
Pay = » f P,()(1 — #)""dt, ven; Po, #0, 
-1 


(2.3) 
E(z, 0, 2) = D> 


Conversely, we have 


Poo O 0 Des — F(0)Ls) 


Pas Pa_2,2 — 2(Dno F(O)L,) 
instead of (1.8). 


3. Upper bounds for the growth of generating functions E of equa- 
tions L, whose coefficients are connected by certain differential rela- 
tions. In §3 of [1] a procedure was indicated to determine the 
differential equations L, a generating function of which is of the form 


(3.1) E(z, 2, #) = exp [P(z, z, é)] 
where P is a polynomial in ¢. 


Nielsen and Ramsay in [5] applied this method and found addi- 
tional equations L with generating functions (3.1). In the latter pa- 


* When we use rough estimates for the growth of E(s, 2, ), for example like those 
given on p. 1176 of [1a], then the results are valid for a very large class of equations L. 
The majorant for E derived in Theorem 2 of [1a] depends only upon the maxima of 
|a| and |c| in certain domains. The estimates which we obtain in the following use 
the property of the coefficients a and ¢ in a much more specific fashion. The estimates 
are more special and more precise. (Note that the P,,, depend upon E, and therefore 
upon a and ¢.) 


y= 
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per, however, the conditions are formulated in a form which is not 
very convenient for immediate application. The equation (1.1) is as- 
sumed already to be reduced to the form u3+Du,+Fu=0, and the 
conditions are given in the form of assumptions concerning the struc- 
ture of D and F. It seems useful for applications to formulate the same 
conditions in the form of differential relations between the coeffi- 
cients as was done in Theorem 4 of [1a].‘ 

As we shall see, in certain cases several types of the generating 
functions (3.1) are admissible. 


CAsE 1. 
(3.2) a,=4, F,=0, = —a,—|a|*+<. 
Then 
2 1/2 
(3.3) P= -f ads + 21/2 [c-4f ris| 
0 0 
or 


2 1/2 
(3.4) P= -f adz — kyz + |- af Fas | t+ kyzt*. 
0 0 


CAsE 2. 
(3.5) a, = d;, = 2(2F; — F)/F.F.z = constant. 
Then 


2 
(3.6) P=— f adz — 2'/*g-1/2(g 4 @F,)t + 
0 


CAsE 3. 
(3.7) F, = 0, F = (a, — G,)/2. 
Then 


2 
(3.8) P= -f + f ¢ 
0 0 


where C is an arbitrary constant. 
CAsE 4. 


(3.9) 4; —a,=F, F, = 0. 


* We note that line 4 from bottom, p. 1197 of [1a], should be “s**gM; =0” instead 
of “zg*/2;=0” and line 2, p. 1197, “hg = —A” instead of “hz = —A.” 
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z 
p--f ads + f ff + cs 
0 0 40 


2 
[2c sf Fis | + 
0 


Then 


(3.10) 


where C is an arbitrary constant. 

The procedure indicated in [1a] and [5] yields further types of 
equations L which possess a generating function of the form (3.1). 

The method described in §3 of [1a] can be immediately generalized 
for a much larger class of equations L. 

Consider the equation u,z,+a(x, y)uz+b(x, y)u,+c(x, y)u=0 whose 
coefficients are supposed to be (complex) analytic functions of two 
real variables, and where b(x, y)=4(y, x). If we replace x by z and 
y by 2 then the latter equation becomes L(u) =0 (see (1.1)). General- 
izing the “method of cascade” to the case of the equations L(u)=0, 
we form the invariants® 


(0) 


(0) 


(3.11) F = —F=a,+|a|—c, 


(n+1) (n) (nm) |2 
—F 


/4 +| FF! 


and the corresponding equations 


(3.12) 
Lo = L, L,(v) = + a», 
where 
See [4, p. 28]. 


If the coefficients of one of the equations L, satisfy any one of the 
conditions (3.4), (3.5), (3.7), (3.9) or similar relations then the gen- 


5 If an invariant, say F™), vanishes identically and, therefore, the sequence (3.11) 
consists of only a finite number of nonvanishing terms, then the solutions of L(u) =0 
may be represented in the form u(z, 2) =) 3 oBelz, 2)d*f(z)/dz*, where the B, are cer- 
tain fixed functions, and f(z) ranges over the field of analytic functions of a complex 
variable z. See, for example, [4, p. 42] or [1a, Theorem 4]. 
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erating function of L, has the form (3.1). Hence the expression 


u(z, 2) 


(3.14) 


where NW denotes the differential operator 


and f(f) is an arbitrary analytic function, will be a solution of 
L(u) =0. See [4, p. 30]. Therefore 


(3.16) E(z, = 


is a generating function of L(u) =0. 
EXAMPLE. If L;, satisfies the conditions (3.2), then 


Substituting m= [2(C—4f* yields 


If we now assume that the growth of the coefficients a and c of L 
is known, then using the above results we can easily determine an 
upper bound for the growth of E. For instance, if a and c are polyno- 
mials, then we obtain an upper bound for E of the form 


(3.17) exp (A|2|*). 


Now, two cases can occur. Either the order of growth of f is more 
than m, then the growth of f is decisive for the growth of u(z, 2), or 
the growth of f is less than , in which case a rough estimate of the 


(3.15) 


6 The order of growth of f can be determined from the coefficients Amo (or Dao) 
of series developments of (1.7) or (1.5). 
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growth of the right-hand side of (1.3) yields the order nm. In many in- 
stances, however, we may obtain much sharper bounds. It may hap- 
pen that the order of growth of exp [P(z, z, #)] in the real xy plane or 
at least for some values of ¢=arg 3 is smaller than nm. Then it is 
sometimes possible to find estimates for the order of growth of u(z, 2) 
from the Amo or Dno. In such cases we may obtain from A,» an upper 
bound for the growth of u in the whole plane or at least in some direc- 
tions, despite the fact that the order of growth of f is less than n. 

Finally we may determine solutions of (1.4) which are bounded at 
infinity if we approach along a certain direction. We can then obtain 
upper bounds for the growth of u from the Amo in this direction. 

EXAMPLE. Let L(u) =Au+u=0. Then E(z, Z, t)=cos [t(zz)"?] is 
bounded in the whole plane, and we obtain immediately an upper 
bound in terms of the a, (and therefore in terms of the Amo or of 
the for 


1 
u(z, 2) -f cos [assy] > 2-*a,2%(1 — dt. 
n=0 
In this connection it would also be possible to apply the well known 
results on the growth of the function f in a specific direction from the 
coefficients of its series development. 

Remark. In previous papers [1c, p. 23], [1d, p. 277] (see also [2]) 
an operator, 7, was introduced. T is of a different form than (1.3). 
It transforms the power series, s=)_~.o(a,+i8,)(x+iY)*, into func- 
tions >>". o(a,.+i8,)(x+iY)'! whose imaginary parts satisfy the 
equation 


(3.18) KY)U.z2 + Uyy = 0. 


Concerning the definition of (x+iY)!!, see (2.3) of [1d] and p. 23 
of [1c]. After the introduction of a suitable variable, y=y(Y), the 
equation (3.17) assumes the form 


(3.19) L(U) = Use + Uy, + N(2y)Uy = 0. 


Let 7* be the operator which we obtain from T by replacing Y by 
Y(y). If the equation (1.1), or one of the equations L, of the sequence 
(3.12) corresponding to L, has the form (3.19) then by applying the 
operator NT* to a power series, s, we obtain a solution of (1.1). 

The same reasoning can be applied to all types of equations con- 
sidered by Bers and Gelbart in [2]. 


4. Conditions for a branch point on the boundary of the largest 
regularity circle. As was proved previously the radius, p, of the largest 
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circle with the center at the origin in which u(z, 2) => 
is regular is given by’ 


(4.1) p = 1/lim sup | A,o|?/*. 


A problem which now arises is to determine how many singular points 
lie on the boundary of the circle, and the character of these singulari- 
ties. There exists a very simple test (the test of Hadamard) in the 
case of analytic functions to decide that on the largest regularity 
circle one and only one pole lies. 

The theory of operators enables us to obtain a similar procedure to 
decide that one and only one singular point of a certain type lies on 
the largest circle of regularity. In order to make the essential idea of 
the procedure clearer we shall at first apply it in the case where 
u(z, 2)=u(z) is an analytic function. Let Q‘(z), n=0, 1, 2,- +--+, be 
a set of analytic functions of a complex variable z, such that 


(4.2) «| )| 


n=0 


converges uniformly in a sufficiently large circle, say for | z| <p*. 

The point 2a is said to be a branch point of the type {Q‘} of u 
if the function u can be represented in the neighborhood of 2a in the 
form 


(4.3) “= + + HOME) 
n=0 2/2)—} + g(z) 


where g(z) is a regular function at the point z=2a, and the J* denote 
the integral of kth order. (For the definition of the integrals of non- 
integral order see [6, p. 222].) 

REMARK. We have 


— 2/2)-] 
= f [a — 2(1 — — 
= — ¢/2)-1/2, 

— z/2)-] 
= f — 2(1 — — 


(4.4) 


= — — (a — 


7See [1b, p. 142, formula (7.4)]. We note that this formula should be 
“lim (Ano)”*” instead of “lima. (AnoCn)!*.” 
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THEOREM. A. A sufficient condition that 


(4.5) u(z) = Ans” 

m=0 
possess (as a unique singularity on the circle of convergence, |z| =2| a] ) 
a branch point of the type {Q‘™(s)} at s=2a is that there exists a con- 
stant k, k<1, such that 


Hoo O 0 -++Ag 
Aino Hon Ay 
(4.6) Aa+1,0 Hy-1,2 An+1 < 
Hoo O 0 -++Ao 2a 
Ay-1,1 Hy-2,2 A, 
where 
1 
(4.7) = H,( (1 — #)*"/*dt/2* 


-1 


and the H,(t) are given by 


(4.8) E(z, #) = = = H,(#)2’. 


n=0 v=0 
B. If E(z, t)€B, see p. 559, then the above condition is also necessary. 


REMARK. We assume that the radius of convergence, p*, of (4.2) is 
larger than p given by (4.1). 
Proor. A. We note that 


“BGs, fe — — — 


(4.9) 
= +1) + 1) Q(z) — 


n=0 
We consider now the function 


(4.10) f(z) = >> 


n=0 


[2 
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where 
0 0 -++Ag 
H. H. 0 | 
; 


By (4.6) the radius of convergence of this series is 2 |a| and by the 
Hadamard test (see, for example, [3, p. 219]) the series is regular in 
the circle |z| $2|a] except at the point z=2a, where it possesses a 
simple pole. Therefore 


(4.12) f(2/2) = Cola — 2/2)—* + fi(z/2) 
where f,(z) is regular for |z| <|a|. 


f E(z, é)f(2(1 — #)/2)dt/(1 — 
(4.13) = fx. dfi(2(1 — #)/2)dt/(1 — 


1 

+ co f E(z, é) [a — 2(1 — #)/2}dt/(1 — 
-1 

will be a function which is regular for |z| $2|a| except at s=2a, 

where it has a branch point of the type {Q‘}. See (4.9). On the 

other hand a formal computation yields 


(4.14) u(z) = A,2* = > 
n=0 v=0 


and therefore f(z) =>.~_»a,2", with a, given by (4.11), is the associate 
of u(z) with respect to E(z, #). Hence (4.6) is a sufficient condition. 

B. Suppose now that E(z, 4)€® and that u(z) is regular in 
|z| <2|a] except at the point z=2a, where u(z) possesses a branch- 
point of the type {Q‘”}. Hence 


= u(z) — cal + 1) [P(e + 1) 


is regular in | a] . Since ECB, it follows that the associate f,(z) 


= 
— 
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of u;(s) is regular for |z| <|a|, and therefore denoting by f the asso- 
ciate of u we obtain 


(4.16) f(2/2) = filz/2) + Cola — 2/2)-*. 


As we have previously shown, the coefficients a, of f(z) are given 
by (4.11). Since the Hadamard relation is a necessary condition in 
order that f(z) is regular in | z| S2\a| except for a simple pole at 
z= 2a, it follows that in the case E(z, t)€ 8, (4.6) is a necessary con- 
dition. 

Clearly, using the results of Hadamard, the same procedure may 
be applied to obtain conditions that u(z, 2) possesses several branch- 
points of the type {Q‘™}. 

The generalization of the theorem to the case where u(z, 2) is 
a solution of the equation (1.1) is evident. Now the functions 
Q(z, Z) are no longer arbitrary; for in addition to the fact that 
270 (| 2], |z|)| converges uniformly, 


n=0 
must be a solution of the equation (1.4). 

If we denote by Am, the coefficients of the series development (1.7) 
of u(z, 2) and by the D,,,, the coefficients of the development (1.5) 
of the real part U of u, then the a, can be determined from either 
the subsequence Amo or from the Do's. In the first case we must 
replace in (4.11) the A,, by the Amo and obtain the H,,, by substitut- 
ing in (4.7) the coefficients H,(t) of the series development 


E(z, 0, ) = #*2*Q(z, 0) = 
k=0 v=0 
Similar results may be obtained if we express a, in terms of the Dyno. 
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ON CERTAIN ARITHMETICAL FUNCTIONS DUE 
TO G. HUMBERT 


M. A. BASOCO 


1. Introduction. G. Humbert has discussed, in a series of brief 
notes,! a certain class of entire functions with interesting arithmetical 
properties. These functions are defined, in an essentially unique man- 
ner, by certain functional equations. The Fourier series representa- 
tions of the solutions of these equations are similar in form to those 
for the elliptic functions smu, cnu, dnu, and so on. They differ from 
these, however, in that their domain of validity extends throughout 
the entire complex plane (Z,, excluded) and moreover, in that their 
arithmetized forms involve incomplete numerical functions of the di- 
visors of an integer. 

In the present paper we extend somewhat the results of Humbert 
and obtain a relation between his functions and certain pseudo- 
periodic functions discussed elsewhere by the writer.? This relation 
is, in effect, embodied in a series of twelve identities; these are of 
some interest in that their arithmetical equivalents (paraphrases) are 
relatively simple and involve partitions related to the representa- 
tions of an integer as the sum of five squares. 

It is also pointed out that as an immediate consequence of the ana- 
lytical form of Humbert’s functions, it is possible to deduce a series 
of relations between the greatest integer function E(x) and certain 
incomplete numerical functions of the divisors of an integer. 


2. The functional equations. In what follows the notation is that 
ordinarily used in the theory of the elliptic theta functions.* The 
period mr is such that 0 <arg r <7. 

The set of functional equations considered has the form 


h(z + x) = (— 1)"h(2), 
h(z + wr) = (— 1)"h(z) + Fev (2), 


where a, b take the values zero or unity, and F&(z), to be defined 
presently, is an expression which involves the theta function #,(z). 


(A) 


Presented to the Society, November 26, 1938; received by the editors December 
13, 1943. 

1G. Humbert, Sur quelques fonctions numeriques remarquables, C. R. Acad. Sci. 
Paris vol. 158 (1914) pp. 220, 294, and 1841; vol. 163 (1916) p. 412. 

*M. A. Basoco, Amer. J. Math. vol. 54 (1932) pp. 242-252. 

* Whittaker and Watson, Modern analysis, Cambridge. 
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We shall denote the integral functions satisfying these equations by 
the symbol H$)(z). These are readily found on assuming series solu- 
tions of the form 


HS(s)= > Aw 
k=—wo 


These solutions, for (a, b)=(1, 0), (0, 1) and (1, 1), are unique; for 
(a, b) = (0, 0), the solution is completely determined to within an ad- 
ditive constant. For suppose that for a given (a, b) there exist two 
distinct solutions. Denote by D(z) their difference; this would likewise 
be an integral function and would satisfy periodicity relations of the 
form 

D(z + x) = (— 1)*D(2), 

D(z + xr) = (— 1)*D(z). 


The function D(z) is therefore an elliptic function, reducing by Liou- 
ville’s theorem to a constant. From (A) it follows easily that this 
constant vanishes except for the case (a, })=(0, 0), when it remains 
undetermined. In this case, we have selected the solution which van- 
ishes for z=0. 


3. The functions F(z). Let \ and yu be the multipliers associated 
with the reduction of the theta functions of argument z+77/2 and 
2+ 77 respectively, so that 

p= 
where 
q = exp 0 


The functions F@(z) are defined as follows: 


Foo (s) = i(1 — p)o(s) — 24; = 
Foo (2) = Adz); (2) = i(1 + 
(2) (2) 


Foo (z) = 2i(— 1 + dd2(z)); Fy; (z) = i(1 — w)82(2), 
Foo (2) = i(1 + — (z) = 


Fo (2) = i(1 + w)d0(2); (2) = 280(2), 

For (2) = 2id9,(2); Fyo (2) = — i(1 — 
Fox (2) = 2d92(2); Fyo (2) = i(1 + 
Fox (2) = i(1 — Fio (2) = 


These functions satisfy the condition 
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a_,(a) 


Fa (2 + x) = (— 1) Fas (z), 
which is implied by equations (A). 


4. The solutions H{’(z). The procedure indicated in §2 yields the 
solutions H(z) of equations (A) corresponding to the choices of 
F&(z) listed in §3. These solutions are valid for all values of z. We 


thus obtain: 


3} g” tn n? 
(4.1) Hoo (2) = sin 2nz, 
(n) 
n*+ 
(4.2) (2) sin 2nz, 
(n) 
(4.3) Ha (2) = sin 2nz, 
(n) 
(4.4) Ha(s) =1+4 - cos 2ns, 
(n) 
(4.5) = = sin mz, 
(m) 
m?/4 
(4.6) Hy (2) = _ 
(m) 
(m?+2m) /4 
(4.7) Hi'(z) COS mz, 
(m) 
+4m)/4 
(4.8) = 25 2 sin ms. 
(m) 1+ q” 


In the preceding the index of summation m ranges over all the positive 
integers while the index m ranges over the odd positive integers. 

The remaining functions H(z) (c=0, 1) may be obtained from the 
above results upon replacing z by s+7/2. 


5. Arithmetized form. In this section we list the arithmetical forms 
of the trigonometric series (4.1) to (4.8). The following notation is 
used: m denotes an arbitrary positive integer; m is an arbitrary posi- 
tive odd integer; a is a positive integer of the form 4k+1 and 8 is 
one of the form 4k+3;>>’ refers to the conjugate divisors (d, 5) of n 
and (t, 7) of a or 8 such that 6<d, r<t; €(m) is one or zero according 
as is or is not the square of an integer. 
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(5.1) Ho (s) = 2>> q sin 4>> q { sin 26}, 
(6 — d = 0, mod 2). 


(5.2) (s) = 4>> q { By sin 26s}, (6 — d = 1, mod 2). 
(m) 
(5.3) 


-4> q { sin 25s}, 

as 5 — d = 0, mod 2). 
(2) (8—d—1)/2 = 

(5.4) Ho (2) =1+4> ¢ { 1) cos 252}, 

(n) 
(6 — d = 1, mod 2). 
(5.5) (z) = 4>> sin rs}, 


(5.6) HS (2) = 2>> ‘e(a) sina 4>> sin rs}, 


(@) 
(5.7) Hy; (2) cos rz}, 
@) 


(2) =--—2 ‘e(a) sin a's 
5.8 


The remaining eight functions will not be listed explicitly; they can 
be obtained quite readily from what precedes. 


6. Identities. In a former paper‘ the writer obtained the trigono- 
metric developments for the sixteen theta quotients of the form 


+ y) 
85(x)8,(y) 
A comparison of these expansions (with (x, y) = (0, 2) and 8¥1) with 
those given in the preceding sections leads to the following identities: 
(2) Hox (2) = 992(2) 
(6.1) — 491(2) { 1) + 8) sin 252} 
" (6 — d = 1, mod 2), 


84 (2)Hor (2) = — 
(6.2) — 48.(2) { 1) + 8) sin 252} 
ad (6 — d = 1, mod 2), 


* Loc. cit. 
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(6.3) (2) (2) =— 28,(z) >> { (t+ 7) cos rz} 


34 (2) = 
— 28,(2) 1)“ + sin 7a}, 


(2)Hi (2) = — 800202(2) 
— 28,2) 1)“ + 2) cos zs}, 
(8) 


dd (2)Hy0 (2) = 


(6.4) 


(6.5) 


6.6 i 
(6-6) — >> 1)‘ + 1) sin rz}, 
(8) 
(2)H io (2) = 
(6.7) — 20,(2) 1) sin as 


(@) 


+ + 2) sin zz}, 


(2) His (2) = 


(6.8) — 28;(z) (- sina’ 
+ 7) sin rs}, 
84 (2)Hi0 (2) = — + cosa’ 
(6.9) 
+ > 7) cos 
(2) 23 a/4 1/2 1/2 
(z) o(z) + 282(z) >> q {e(a)a cosa 2 
6.10 
( + 1) (t + r)cos rz}, 
og (2) = — Bo(z) 
(6.11) 
—-4>¢{d(- + 8) cos 
(8 — d = 0, mod 2), 
84 (2)Hor (2) = — + {69 
(6.12) 


{ "a + 8) cos 


re (8 — d = 0, mod 2), 
where 


fie 


552 M. A. BASOCO [August 


¥(z) = 1— (— 1)*ng™ cos 2nz 
n=1 
and 
o(z) = ¥(z + 2/2). 

The above yield, therefore, identities for the product 8 (s) H(z), 
the case (a, b)=(0, 0) being, however, excluded. This is because in 
the expansions for the functions 0.s,(x, y) with 8=1 it is not possible 
to set x=0, this point being a pole of these functions. 


7. Paraphrases. The preceding set of identities may be paraphrased 
into rather simple arithmetical equivalents. It is of interest to note 
that the partitions involved in these paraphrases refer to the repre- 
sentations of numbers in certain linear forms as the sum of five 
squares. 

The notation used is as follows: a, 8, m, m, m, m, t, 7, d, 6 are posi- 
tive integers; a=1 and B=3 (mod 4) while m, m, r are odd; m and m 
are unrestricted. The sets of conjugate divisors (d, 5) and (¢, r) are 
subject to the condition 6<d and r<t?; further restrictions on these 
divisors will be indicated as needed. h, 2; are unrestricted integers, 
positive, negative, or zero, while u, m;20 are odd; the w;<0, w; are 
even integers, positive, negative, or zero. Moreover, e(m) =1 or 0 ac- 
cording as m is or is not the square of an integer and r(m)=1 or 0 
accordingly as m is or is not the sum of two integral squares. Finally, 
the functions f(x) and g(x) are quite arbitrary except that they must 
be respectively even and odd and be well defined for integral values 
of the argument. 

The partitions of the integers a, 8, 2m, nm which appear in our re- 
sults are as follows: 


(6 — d = 1, mod 2), 
wi + 22+ 23+ wit ws = 4h + tr, 
wit w+ +i =p +m, 
2 2 2 2 2 2 2 2 
QO +d=h +m 
(6 — d = 0, mod 2). 
The arithmetical equivalents of (6.1) to (6.12) follow in the same 
order; the necessary partition is denoted by placing the proper letter 
1, j7, k or 1 under the first yt In the relations (7.1) and (7.2) the di- 


visors (d, 5) are of opposite parity while in (7.11) and (7.12) they have 
like parity. 


= 


5 E. T. Bell, Trans. Amer. Math. Soc. vol. 22 (1921) pp. 1-39 and 198-219, 


1944] ON CERTAIN ARITHMETICAL FUNCTIONS 553 


(—1) 
(7.3) f(r +24), 


7.4) (—1) ortest /2g( = 2 — 4) g(r +28), 
° 


(7.5) (—1) = — — f(r +2h), 


(7) 


(i) 
(= =20(— 1) — 2p) f(r +H) 


(k) 


(7.9) 
Do (= 1) = 2 — f(r +n) 
(7.10) 
+2d(2m) >> (mi—u)f(mi+n), 
=f(0) 
(7.11) 
+4d(n) f(h-+m) 
f(6+h), 
= f(0)+2e(n) f(n"/?) 
(7.12) 


+4d(n) >> (h—m1) 
1) 


The preceding formulae with f(x) =1 yield enumerations relative to 
the number of representations of a number as the sum of five squares. 
The most interesting results are those deduced from (7.3) and (7.9). 
We thus obtain the following theorems. 


| 
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TuHEoreM A. If 8=3, mod 4, and x, y, z20 are odd while u, v are 
even integers, positive, negative, or zero, then 


N [6 = + y?+ 2? + u? + = 26(8) + — 
r) 
where r=1, 2, 3, - +--+, [B'/2/2], and is the sum of the positive in- 
tegral divisors of n. 


THEOREM B. If m=1, mod 2, and x, y20 are odd while u, v, w are 
even and positive, negative, or zero, then 
N[2m = x? + y? + u? + 0? + w?] = — 5°), 
(s) 
where [(2m)*/?], provided 2m ts not representable as 
the sum of two squares. If, however, 2m is so representable, the quantity 
G(2m) must be added to the preceding sum, where G(2m) =4)°x, the sum 


being extended over all solutions of 2m=x?+-y?, x, y>0 and odd. $(n) 
is as in the preceding theorem. 


8. Application to the function E(x). The analytical form of the 
functions defined by (4.1) to (4.8) suggests the application of a device 
due to Hermite,* which yields identities involving the greatest integer 
function E(x). Hermite’s method depends on the following generating 


functions: 

b 

a 


u? n+a-—b 

= DE, u", 
(1 — u)(1 + u?) (n) 2a 

where a, b are positive integers and 


E,(x) = E(2x) — 2E(x) = E(x + 1/2) — E(x). 


The following two relations are typical of the set of sixteen which 
may be deduced from our results. Let F(z) be an arbitrary function, 
r a positive integer and (d, 5) conjugate integral divisors of r. Define 
P(x, r) and P2(x, r) by the following: 


Pi(x, r) = €(r)F(2r'/2x) + 2>°'F(25n) (r = dé, d — 6 = 0, mod 2), 
P(x, 17) = >-'F(26x) (r = dé, d — 6 = 1, mod 2). 


6 Hermite, Acta Math. vol. 5 (1884-1885) pp. 297-330; J. Reine Angew. Math. 
vol. 100 (1887) pp. 51-65; Oeuvres, vol. 5, pp. 151-159. See also a paper by the present 
writer in Bull. Amer. Math. Soc. vol. 42 (1936) pp. 720-726. 


1944] ON CERTAIN ARITHMETICAL FUNCTIONS 555 


Let m be an arbitrary fixed positive integer; then 


n—s 
(8.1) Pi(x,r) =2> E( Fase) + > F(2sz), 


2s e=1 


(8.2) (2), 
r=1 (s) 2s 
where s ranges over the values s=1, 2, 3, - -- so long as the argu- 
ment in E(x) is greater than or equal to 1. 
In particular, let F(z)=z*, where k is a positive integer. Then the 
preceding reduce to the following: 


nil2} 


(8.3) x) =). + s*, 
r=1 (8) 


(8.4) st, 


() 2s 
where, 
Xilr) = < — d =0,mod 2), 
X.(r) = (r = di, 5 < d, — d = 1, mod 2). 


These results follow from (4.1), (4.2) and their equivalents (5.1) and 
(5.2) respectively. 


Tue UNIVERSITY OF NEBRASKA 


_ SIMPLIFIED TECHNIQUE FOR CONSTRUCTING 
ORTHONORMAL FUNCTIONS 


M. O. PEACH 


1. Introduction. An orthonormalization process starts with a set of 
linearly independent functions 


Su 


and the set of complex conjugate functions 


all defined over a given region R. From these are constructed a set 
of functions 


and the set of complex conjugate functions 
defined over R and such that 


if m = n, 
J ext 1, ifmn. 
The standard method! of constructing orthonormal functions, while 
completely satisfying logically, has certain practical disadvantages. 
For example, if the integrations must be done numerically (as would 
be necessary if either the f; or the boundary of R were complicated 
functions, or if the f; were tabular functions) then the mere tabulation 
of the intermediate functions which appear becomes burdensome. 
One would prefer to perform the necessary integrations on the origi- 
nal functions f; and then proceed by a purely algebraic or numerical 
process to obtain the g;. This can be done. If we let N; be the numera- 
tor and D; the denominator of the orthonormal function g;, and if we 
put F;;=f{rfifdR, then the standard orthonormalization process can 
be shown, by simple algebra, to result in the following: 


2 
D, = Fu, 
F F F 
Fu fe Fo Fo 


Presented to the Society, September 13, 1943; received by the editors August 18, 
1943, and, in revised form, December 8, 1943. 
1 Courant and Hilbert, Methoden der matematischen Physik, vol. 1, p. 41. 
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| Fy Fy Fu fi | 
Fo Fu fe 
N;= 
Fu Fis Fu fi | 
Fu Fas Fu fs 
Fu Fu Fu Fis 
Di = Py: Fu Fo F2 Fx Fos 
Fu Fa Fu Fis Fy Fis 
Fa Fas Fs 


The next quantities N, and D, would each occupy eight lines; N; and 
Ds sixteen lines, and so on. The quantity N, would be a second order 
determinant whose elements would also be second order determi- 
nants, which in turn would have as elements second order deter- 
minants whose elements would be the F;; and f;. We observe that 
the construction of N; and D; reduces to the successive evaluation 
of second order determinants. All determinants are obtained from a 
matrix of the original quantities F;; and f; by a uniform and simple 
procedure which is described later as the “process P.” 

The present paper generalizes the above observation into a tech- 
nique which (a) provides a definite arrangement of work which mini- 
mizes repetition of symbols and lessens the chance of computational 
errors, (b) can be used by a person whose mathematical training ex- 
tends no further than a knowledge of the algebraic rules of sign, (c) is 
adapted to the use of modern computing machines. 

To carry through the proof of the method, it is necessary to intro- 
duce a more compact notation than that used above. Therefore the 
proof is somewhat abstract, so we illustrate the extreme simplicity 
of the final result by an example, namely, the evaluation of the first 
four Legendre polynomials. The advantages of the method become 
more pronounced as the number of orthonormal functions desired in- 
creases; but space limitations forbid consideration of more than four. 


2. Example. We shall construct the first four orthonormal functions 
corresponding to the linearly independent set of functions 1, x,2?, - - -, 
and the region —1Sx<+1. 

Using the standard notation (f, g) = [rf(x)g(x)dR we obtain by in- 
tegration (1, 1) =2.000, (1, x) =0, (1, x”) =0.667, (1, x*)=0, (x, x) 
=0.667, (x, x2)=0, (x, x*)=0.400, x”)=0.400, x*)=0, 
(x?, x*) =0.286. With these values as elements we form a symmetric 
determinant of order four, and adjoin to it the unit matrix of order 
four, thus obtaining the following 4X8 Matrix No. 1: 
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2.000 0 0.667 0 1.000 0 0 0 

0 0.667 0 0.400 0 1.000 0 0 
0.667 0 0.400 0 0 0 1.000 0 

0 0.400 0 0.286 0 0 0 1.000 


Now for every element not in either the first row or first column 
we can define a determinant of order two by blotting out all rows and 
all columns except those containing either the element under con- 
sideration or the leading element of the matrix. For example, associ- 
ated with the element 0.400 appearing in the third row and third 
column is the determinant 


2.000 0.667 


= + 0.356. 
0.667 0.400 


All such determinants are evaluated and the quantities so obtained 
are placed in the same position as their associated elements of Matrix 
No. 1, thus forming a 3X7 Matrix No. 2: 


+1.334 0 +0.800 0 +2.000 0 0 
0 +0.356 0 —0.667 0 +2.000 0 
+0.800 0 +0.571 0 0 0 +2.000 


This is treated in the same way as Matrix No. 1, thus forming the 
2X6 Matrix No. 3: 


| +0.474 0 —0.889 0 +2.667 0 | 


0 +0.122 0 —1.600 0 +2.667 
In similar fashion we form the 1X5 Matrix No. 4: 
|+0.058|0 —0.759 0 +1.264|]. 


The rth orthonormal function can now be written down as a frac- 
tion whose denominator is the square root of the product of the lead- 
ing elements of all the matrices up to and including the rth matrix, 
and whose numerator is a polynomial in the original functions 
1, x, x”, - - - , with coefficients the last m elements in the top row of 
the rth matrix. The first four are: 

1-1+0-*+ 0-2? 
gi(x) = = 0.707, 
(2.000) 1/2 


0-1 + 2.000x + 0-2? + 0- x? 
g2(x) = ~ = 1.222, 
(2.000 X 1.334)" 
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(— 0.889)-1 + 0-2 + 2.667x? + 0-2? 
g3(x) = = — 0.790 + 2.372%, 
(2.000 X 1.334  0.474)1/2 
0-1 + (— 0.759) x + 0-2? + 1.26423 


(2.000 X 1.334 X 0.474 X 0.058)2 


= — 0.280% + 4.672*. 

In actual computation the original matrix is laid out on a large 
sheet with sufficient space to enter the new quantities as they are 
determined, so that when the computation is finished all matrices 
appear superimposed upon the same sheet. Two L-shaped guides pre- 
vent errors in picking out the elements of each determinant. It is 
seen that the unit operation is the evaluation of a second order deter- 
minant, which operation requires but slight mathematical knowledge. 
This operation can be performed as a single step on most modern 
computing machines without writing down the intermediate products. 


3. The process P. Let us be given an mth order determinant 
1 1 
D 


where the element dj, lies in the pth row and gth column. We define 
the process P by the functional equation 


1 2 
P(dy.q) = dp. 
where 
1 1 
dig 


Notice that P(d},) and P(dj,) are not defined. Suppressing these un- 
defined quantities we form a determinant of order n—1 


D’ =| dol, 


Ordinarily, we would regard this determinant as possessing rows and 
columns numbered 1, 2, - - - , (2—1). It is more convenient for our 
present purpose to regard the first row and first column as being ab- 
sent, so we agree instead that D? contains rows and columns num- 
bered 2, 3, - - - , m. With this convention, we complete the definition 
of D? by saying that the element dj, lies in the pth row (row num- 
bered ) and gth column (column numbered gq) of the determinant D?. 
In a similar way we define 


des 


2 
P (d = P(d = 


= dy = 
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and, in general: 


r—1 
Also: 


Notice that P(d,,) and P(d;,) are not defined, when s<r. We 
agree that D’* is of order n—r+1 and contains rows and columns 
numbered r, r+1, - - - , m, the element d;,, lying in the pth row (row 
numbered /) and the gth column (column numbered gq). This conven- 
tion as to the suppression of undefined quantities and the numbering 
of elements will be extended to all determinants used in this paper. 

Suppose now that the elements in the mth column of D" are inte- 
grable functions defined over a given region R, while all other elements 
are constants. Denote these functions by 


1spSn. 


Let g be an arbitrary integrable function defined over R. Then, by the 
simple properties of determinants, it follows easily that 

(a) The elements in the mth column of D’ are linear combinations 
of the functions f;, 

(b) fxg-D*dR differs from D’ only in that every f; appearing in D* 
is replaced by the quantity /rg-fdR, 

(c) P*(D')dR=P*(frg-D'dR). 


4. Proof of the method. Let us be given a linearly independent set 
of complex functions of real variables defined in a given region R, and 
integrable over R: 


Form the set of conjugate complex functions: 


Define the three determinants of order 1: 


1 


D =|dyel, dram f 


1 


F 


1 1 1 
Sv.q = q ¥ n, 
1 


| 

| 
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1 
= Se 


Define F* = and F’ = Define f;,, as the element ly- 
ing in the pth row and qth column of F’, and f;,, as the element lying 
in the pth row and gth column of F’. 

We now prove in succession a set of results to culminate in our main 
theorem, Theorem J, and its corollary. 


TueoreM A. 


Proor. - f,dR = - f,dR = P(feF, - f,dR) 
= ,=d},,, by (c) of §3 and definitions. 


TueoreM B. if rt+isp<n. 


PROOF: 


f -f,dR 
= = 0, 
Soa 
R 


dys Som 


since, by Theorem A, the last column is identical to the first. 
TueoreM C. if 


Proor. Assume the theorem true for r=k. Then 


f fm -f,dR 
k+1 = R 
f 
R k 
fra 
R 
By hypothesis the elements in the last column are zeros, and thus the 


theorem holds for k+1. By Theorem B it holds for r=s+1, hence it 
holds for all r satisfying the conditions of the theorem. 


TueoreM D. if s<n and equals if s=n. 
This follows from Theorems A and C by placing r=p=n. 
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THEOREM E. An analogue to each of the previous theorems is obtained 
by taking conjugates of each side of the respective equations. 
THEOREM F. =] 


Proor. Write 


= A, = constants. 
Then 
f fan AddR = = 
0, if 
if s = #. 


We see that if we replace f, by Q, we change f*,, into [rft.n-f2,.dR. 
Suppose we make this replacement in the determinant F! forming a 
new determinant Q!. Then since P*—(F!)=F* it follows that 
P*-1(0') =0" where the element of Q* corre- 
sponds to the element f®,, of F*. Consider 01. It is identical to D' 
except that all the elements in the bottom row, except the one in the 
last column, are replaced by zeros. Therefore the process P applied 
to g.,, of this determinant reduces to multiplication. We have 


P(Gain) = 
P* (Guin) = (di,1)(d2,2); 


II 
s=1 


THEOREM G. Suppose that in addition to the determinants already 
mentioned we have a determinant F°' defined exactly the same as F' 
except that it is of order m where m#n. Then 


f = 0, m n. 
R 
Proor. Suppose m <n. Then 


Ra = > Ashe A. = constants, 


s=1 


f find AFAR = f fun faR = 0, 


s=1 


by Theorem D. 


1944] CONSTRUCTING ORTHONORMAL FUNCTIONS 563 


If m>n we expand f;,, as a linear combination of the functions 
f., s=1, 2, ---,m, and use the conjugate theorem of Theorem D. 


THEOREM H. The function 


bo = fae ( II ita) 


ts the nth orthonormal function for the given set f and the given do- 
matin R. 


This follows immediately from Theorems F and G. 


THEOREM J. Let us adjoin the unit matrix of order n to the determi- 
nant D' and apply the process P*— to the combined matrix. Form a 
matrix whose first row is the top row of the unit matrix, whose second row 
is the top row of the first transform of the unit matrix, and, in general, 
whose rth row is the top row of the (r —1)st transform of the unit matrix. 
Let this matrix be denoted by 


Bin 
Bo Ban 


Bay 
Then the nth orthonormal function is given by: 


+ 2f2 + + Baale 
(di,1)(d2,2) - + (dan) 


Proor. We know fin =Rasfitkasfet - where the 
are constants. To evaluate k,,, we put f,=1 and all other f=0 and 
see what happens to f?,,. Suppose we make these replacements in F' 
forming a new determinant K"', that is, we replace the mth column 
of F' by the sth column of the unit matrix. Then P*(F") is iden- 
tical to P*(K') except that its mth column is replaced by the sth 
column of the transformed unit matrix. In particular the element fz, 
is replaced by the quantity B,,,. Hence k,,,=B,,, and the theorem 
is proved. 


CorOLiary. In Theorem J it is also true that 


B, afi + B, + + By adn 


where r<n. 
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Proor. Apply Theorem J for the case =r. We obtain for g, an 
expression which differs from the one just written only in the fact that 
the terms Br are missing from its 
numerator. But the coefficients B,,=0 when r<s. Hence the two 
expressions are equal. 

REMARK. The generalization of the method to orthonormalization 
with respect to a general norming or weight function p is obvious. 
One applies the process described to the functions (p)'/*f; and ob- 
tains functions g; (=linear combinations of the (p)/*f;) which are 
orthonormal with respect to the weight function unity. Dividing 
through by the common factor (p)'/? one forms functions g;(p)-/? 
which are orthonormal with respect to p. 
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VERTICES OF PLANE CURVES 
S. B. JACKSON 


1. Introduction. The Four-Vertex Theorem, proved first by Mukho- 
padhyaya [1],! states that on any oval, not a circle, there are at 
least four vertices, that is, extrema of the curvature. This result was 
extended by Fog [2] and Graustein [3] to any simple closed curve 
with continuous curvature. The discussion by Graustein makes it 
clear that the Four-Vertex Theorem is valid also for a very large 
number of non-simple curves. Indeed the class of curves having only 
two vertices is relatively quite small. The main object of the present 
paper is to characterize geometrically, as far as possible, the curves 
with just two vertices. It is thus a proof of the Four-Vertex Theorem 
by exclusion. 

Since a curve with just two vertices consists of two arcs of mono- 
tone curvature, a study is made of such arcs (§2). The most useful 
fact is that this monotone character of an arc is invariant under direct 
circular transformations. The property that a point be a vertex of a 
curve is similarly invariant. This makes it possible to simplify many 
of the discussions by suitably chosen transformations. Monotone arcs 
are found to be essentially simple and possess a spiral character. 

The existence of vertices on certain types of arcs is established (§4) 
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and these results applied to give two new proofs of the theorem of Fog 
and Graustein mentioned above. It is then possible to obtain five re- 
sults describing the structural character of curves with just two ver- 
tices (Theorem 5.1). 

It is well known that an oval which meets any circle at most four 
times has exactly four vertices [4, 5]. This result is generalized to 
simple closed curves (Theorem 6.1), and two other results are ob- 
tained concerning the relation of such a curve to its extreme circles 
of curvature (§6). Another familiar result on ovals, namely that an 
oval which meets a circle 2m times has at least 2 vertices [6], is also 
extended to simple closed curves (§7). In this case an additional con- 
dition on the cyclic character of the points of intersection is necessary 
since the curve need not be convex. 

At several points in the discussion it is convenient to make use of 
the following result (Lemma 3.1), which is of some interest in its 
own right. If a Jordan curve bounding a simply connected region is 
divided in any manner into three arcs, there exists a circle interior to 
the region and having points in common with all three arcs. 


2. Vertices, and arcs of monotone curvature. By a vertex of a 
curve of class C’’ is meant a point or a circular arc of the curve for 
which the curvature is a relative extremum with respect to the neigh- 
boring arcs. The term relative extremum is to be understood in the fol- 
lowing sense. If 1/A denotes the curvature at the given point (or arc) 
and 1/R the curvature at an arbitrary point, then in a sufficiently 
small neighborhood of the point (arc) 1/R—1/A20 or 0. The 
equality sign may be valid at any number of points on the adjacent 
arcs, but is not identically true for either of them. 

An arc on which the curvature is monotone nondecreasing or mono- 
tone nonincreasing has no vertices, and conversely, an arc with no 
vertices has this property. For brevity such arcs will be referred to as 
monotone arcs. The term arc in this paper is used to denote a map of a 
line segment which is locally topological but which is not necessarily 
simple in the large. Thus any segment of a curve will be referred to as 
an arc of the curve. An arc without double points is a simple arc. In 
the following discussion all arcs and curves will be understood to be 
of class C’’ unless the contrary is expressly stated. 


Lema 2.1. Let two curves, C, and C2, be tangent in the same direction 
at a point or coincide along an arc, but not coincide along the neighboring 
arcs. If 1/R; denotes the curvature of C; and if 1/R:21/R2 in a neighbor- 
hood of the given point or arc, then in a sufficiently small neighborhood 
C, lies entirely to the left of Cz except for the given point or arc of contact. 
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Let P» be the given point or the last point of the given arc of co- 
incidence, and let s be the arc length on C; measured from Pp. It will 
be sufficient to prove the lemma for positive values of s, for if the 
directions on the C; are reversed the same proof will then apply to 
the arcs in that direction. If P» is taken as the origin of coordinates 
and the common directed tangent as the x-axis, the curves C; are 
given locally by the equations 


(2.1) f cos ¢,ds, f sin’¢,ds, 
0 0 


where $;= 
Since 1/R,21/R, and the equality sign is not identically true, it 
follows that for all vaiues of s greater than zero 


¢i(s) = > = ¢2(s). 


By (2.1) this implies at once the following relation: 


(2.2) sin > f sin gods = ye. 
0 0 


Thus if P; and P, denote the points on C; and C; corresponding to 
the same arc length s, then P+ P; for all sufficiently small positive s. 
The slope of the line Pi:P, may be computed from (2.1) and the limit 
of this slope as s approaches zero found by I’Hospital’s Rule, 


So sin — fo sin eds _ sin — sin 
lim Mp \p, = um = im 
0 cos ¢ids — cos¢ods COS G1 — COS 

2 cos + $2) sin — 


im 
— 2 sin + $2) sin — 


By taking s sufficiently small the lines P:P, can be made as nearly 
parallel to the y-axis as we desire. But since C; and C; are both per- 
pendicular to the y-axis at Po, it is clear that for sufficiently small 
s the lines P:P2 meet each C; only once in this neighborhood. Inas- 
much as P:#P2, C; and C; cannot meet in this neighborhood. Since 
by (2.2), ¥1>‘2, P: lies always above, that is, to the left of C., and the 
lemma is proved. 


CorROLLary 2.1.1. In a neighborhood of a vertex of a curve, the circle 
of curvature lies entirely to the left or entirely to the right of the curve 
according as the curvature at the vertex is a maximum or a minimum. 
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This is an immediate consequence of the lemma with the curve and 
its circle of curvature taken as the curves C;. 


COROLLARY 2.1.2. At every interior point (or circular arc) of a mono- 
tone arc, cA, the arc crosses its circle of curvature. The crossing is from 
right to left or from left to right according as the curvature is monotone 
nondecreasing or monotone nonincreasing. 


This also is a direct consequence of the lemma if the curves C; are 
taken as follows. Let one of them be the path traced by a moving 
point which follows the circle of curvature as it approaches the con- 
tact point (or arc) and follows <4 as it leaves this contact, while the 
other is the path traced if the point follows <4 as it approaches the 
contact, and the circle as it leaves it. 


Lemma 2.2. If, at every interior point (or circular arc), an arc, A, 
crosses its circle of curvature, then cA is a monotone arc. 


For if e4 were not monotone it would have vertices, which is im- 
possible by Corollary 2.1.1. Since Lemma 2.2 and Corollary 2.1.2 
completely characterize the monotone arcs and since a point not in- 
terior to a monotone arc is necessarily either a vertex or a limit point 
of vertices, the following result is established by exclusion. 


Lemma 2.3. If for a point (or circular arc) interior to an arc, A, the 
circle of curvature lies locally entirely to one side of <A then this point 
(or arc) is either a vertex or a limit point of vertices. 


LEMMA 2.4. A monotone arc of nondecreasing (nonincreasing) curva- 
ture is carried into a monotone arc of nondecreasing (nonincreasing) 
curvature by any direct circular transformation. A vertex of an arc is 
carried by a direct circular transformation either into a vertex of the same 
kind on the transformed arc or into a limit point of such vertices. 


This result follows immediately from the fact that Corollary 2.1.1, 
Corollary 2.1.2, Lemma 2.2, and Lemma 2.3 characterize vertices and 
monotone arcs in terms that are invariant under direct circular trans- 
formations. This fact affords a simple proof of the following well 
known result. 


Lemma 2.5. If Po is any point of a monotone arc cA and P is any 
point further along cA in the positive direction, the circle of curvature 
at P lies to the left or to the right of the circle of curvature at P» according 
as the curvature on <A is nondecreasing or nonincreasing. The circles have 
no point in common unless they are identical and <A contains the circu- 
lar arc from P, to P. 
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It is clearly sufficient to prove the lemma for points P in an arbi- 
trarily small neighborhood of P». Suppose the circles of curvature at P 
and P, have a point Q in common. By a direct circular transformation 
let Q be carried into the point at infinity. The transformed arc, <4’, 
then has zero curvature at the transforms of Py, and P, which, by the 
monotone character of ¢4’, can occur only if the curvature is zero on 
the entire arc between the two points. The lemma follows by trans- 
forming back to¢4. This argument is valid even if Q coincides with Po. 
The fact that the circle of curvature at P lies to the left or right of 
that at P, according as the curvature is nondecreasing or nonincreas- 
ing is a consequence of Corollary 2.1.2. 


CoROLLARY 2.5.1. A monotone arc <A is simple unless it contains a 
complete circle traced one or more times. In this latter case it is tangent 
to itself without crossing at a single point or along a single arc of this 
circle. 


CoroLiary 2.5.2. If a monotone arc, A, has positive curvature, it is 
an inwinding or an outwinding spiral according as the curvature is non- 
decreasing or nonincreasing. It is simple except for any complete circles 
it may contain. 


Both corollaries are immediate consequences of the lemma. For 
Corollary 2.5.2 the spiral character follows from the fact that for a 
point of positive curvature the inside of the circle of curvature lies 
to the left of the arc. 


3. A lemma on circles. At several points in the remainder of the 
paper it will be convenient to make use of the following lemma. 


Lemma 3.1. Let R be a closed simply connected region of the plane 
bounded by a Jordan curve, and let the Jordan curve be divided into three 
arcs, Ai, As, As. Then there exists a circle contained in R and having 
points in common with all three arcs. 


The following simple proof is due to Paul Erdés and is given in 
preference to the more complicated proof originally given by the au- 
thor. 

Let A; be the set of points of R whose distances from arc <4; do 
not exceed their distances from the other -4’s. The sets A; are clearly 
closed. Moreover they are connected, for if X¥, YEA; and if P, Q are 
the corresponding nearest points of -4;, then the line segments XP 
and YQ and the arc PQ of ¢4; all belong to A;. Now Ai\UA:UVA3=R 
and since each of the arcs has an end point in common with the other 
two, A;f\A;#0. Thus A:VUA,; is a closed connected set. 
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Suppose A:/\A2/\A;=0. Then the intersection of A; with A,\UA; 
consists of the two disjoint nonvacuous closed sets A:/\A; and 
A.{\A3, and is therefore not connected. This is impossible since it 
contradicts the unicoherence of R.? Thus there is some point Pp in 
By definition, the distances from to the three 
have the same value, say r. The circle with center at P» and radius r 
is the required circle. 


Coro.iary 3.1.1. If a simply connected region is bounded by n differ- 
entiable arcs (n=3), and if the angles formed by the arcs interior to the 
region are all less than or equal to x, then there exists a circle contained 
in the region and tangent to at least three of the arcs. 


If two consecutive arcs are taken as the arcs ¢4; and ¢4; of Lemma 
3.1 and all the other arcs together taken as ¢4;, then by the lemma 
there is a circle interior to the region and having points in common 
with at least three of the arcs. If, at their common point, two con- 
secutive arcs make an angle less than 7 interior to the region, there is 
no circle through this point which lies interior to the region. Such a 
point thus cannot be on the given circle. But if a circle meets a differ- 
entiable arc at an interior point without crossing it, they are tangent, 
whence all the points common to the circle and the arcs are tan- 
gencies. Two of the contact points may coincide, for if two consecu- 
tive arcs make an angle of m at their common point, the circle may 
be tangent to them both at this point. 


4. Location of vertices on a curve. The following lemma estab- 
lishes the existence of vertices on certain types of arcs, and is of 
fundamental importance in the succeeding work. 


Lemma 4.1. If a simple, noncircular arc, AB, is tangent to a circle 
(or line) in the same direction at A and B, and never crosses this circle 
(line), there is a maximum or a minimum of curvature interior to AB 
according as AB lies to the right or left of the given directed circle (line). 


It is sufficient to prove the lemma for the case when AB meets the 
circle only at A and B, since otherwise AB may be replaced by a sub- 
arc which does have this property. Suppose AB lies to the left of the 
directed circle. Let a point Po of the directed circular arc BA be car- 
ried into the point at infinity by a direct circular transformation. The 
circle goes into a straight line and the arc AB into an arc A’B’ tan- 


2 A continuum, that is, a closed connected set, is said to be unicoherent if, when it 
is written in any manner as the sum of two continua, C, and the set is alsoa 


continuum. This is a well known property of closed simply connected regions of the 
plane. 
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gent to this directed line at A’ and B’ and lying to its left. The points 
A’, B’ appear in that order on the directed line. It is clear, from the 
Gauss-Bonnet formula, that the angular measure of the arc A’B’ is 
zero. Since at A’ and B’ the arc lies to the left of the line there are 
points of positive curvature arbitrarily near A’ and B’, but since the 
angular measure is zero there must be points of negative curvature 
on A’B’. Thus there is at least one minimum of curvature interior 
to A’B’. By Lemma 2.4 this implies that there is a minimum interior 
to AB. This completes the proof of the lemma when AB lies to the 
left of the circle. The other case reduces to this by reversing the direc- 
tion on the arc. 


Coro.uary 4.1.1. If a simple, noncircular arc, AB, is tangent to a 
circle (or line) in the same direction at A and B and lies to the left of 
the circle (line) near A and B there ts at least one minimum of curvature 
interior to AB. If AB lies to the right of the circle near A and B there is 
at least one maximum of curvature interior to AB. 


Let AB lie locally to the left of the given circle at A and B. By 
adjoining the directed circle arc, BA, to AB a closed curve C of class 
C’ is obtained. Since, by a direct circular transformation, this can be 
transformed into a curve where BA is a line segment, the proof will 
be confined to this case. 

If there are points of negative curvature the result is trivial, since 
there are points of positive curvature arbitrarily close to A and B. 
Suppose then that the curvature is positive and consider the smallest 
circle containing C. There is a smallest such circle since C is a closed 
set, and there must be at least two distinct contact points of C with 
this circle, P and Q. Neither of the contact points can be on the line 
segment BA for there would then be points of C outside the circle. 
Arc AB is simple so the tangencies are in the same direction at P 
and Q. Since AB has positive curvature and is interior to the circle, it 
lies to the left of the directed circle. The arc PQ therefore has a mini- 
mum of curvature by Lemma 4.1, or if PQ is a circular arc it is a 
minimum of curvature itself. This proves the first part of the corol- 
lary. The second part may be reduced to this by reversing the direc- 
tion on AB. 

An arc AB for which A = B will be called a closed arc. If it contains 
no other double points it is a simple closed arc. 


Lemma 4.2. A closed arc, not a circle, contains at least one vertex in- 
terior to the arc. 


For if an arc has no vertices it is monotone, and by Lemma 2.5 the 
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first and last points can coincide only if the entire arc is a circle traced 
one or more times. 


Lemma 4.3. Let AB be a simple closed arc, not a circle, bounding a 
region R, and let @ be the angle interior to R between the two tangents 
at the double point. If 0S, there is a maximum or a minimum of 
curvature interior to AB according as R lies to the left or the right of 
the arc. If 927, there is a maximum or a minimum of the curvature in- 
terior to AB according as R lies to the right or left of the arc. 


First let @ be less than or equal to x. Let AB be divided into three 
arcs, AP, PQ, QB, so that PQ is not an arc of a circle. This can be 
done since AB is not a circle. By Corollary 3.1.1 there is a circle en- 
tirely in R and tangent to all three of these arcs. The subarc of AB 
from the contact point on AP to the contact point on QB satisfies 
the conditions of Lemma 4.1, whence the lemma follows at once since 
the arc is to the right or left of the circle according as R is to the 
left or right of the arc. The case when 627 may be reduced at once to 
the above by a direct circular transformation taking a point of R into 
the point at infinity. It should be noted that under this transforma- 
tion R corresponds to the exterior, not the interior of the transformed 
arc. 

When @=7, that is, when the directed tangents at A and B coin- 
cide, both parts of Lemma 4.3 apply, and we obtain the following 
special case. 


Coro.iary 4.3.1. If AB is a simple closed arc, not a circle, and the 
directed tangents at A and B coincide, there is both a maximum and a 
minimum of curvature interior to the arc. 


Lemma 4.1 is a direct generalization of the results obtained by 
Graustein [3] on arcs of type 2. The material of this section also af- 
fords an easy proof of the following result of Graustein [3] and Fog [2]. 


THEOREM 4.1. Every simple closed curve, C, not a circle, has at least 
four vertices. 


Let C be directed so that its interior is to the left of the curve, and 
let P, be the point of absolute minimum curvature. Then C, consid- 
ered as a simple closed arc from Pp» to Po, satisfies the conditions of 
Lemma 4.3, and so has a minimum interior to the arc. Thus there 
are two minima of the curvature on C, whence there are two maxima 
and so four vertices. 

An alternative proof can be given as follows. Let C be divided into 
three arcs, none of them merely circular arcs. By Corollary 3.1.1 there 


| 
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is a circle entirely inside C and tangent to each of the three arcs. At 
léast two of the contact points are distinct and all tangencies are in 
the same direction. The arcs into which these contact points divide C 
both satisfy Lemma 4.1, whence C has two minima (or two maxima) 
and thus four vertices. 


5. Curves with two vertices. If a curve, C, is to have exactly two 
vertices it must consist of two monotone arcs, whose characteristics 
were discussed in §2. Corollary 2.5.1 leads at once to the following 
result. 


Lemma 5.1. A curve, C, with exactly two vertices may be divided into 
two arcs, each of which is simple unless it contains a full circle. In this 
latter case the arc is tangent to itself, without crossing, either at a single 
point or along a single arc of the circle. 


If, from a curve C with just two vertices, all arcs which are com- 
plete circles are deleted, the resulting curve, C, will still be a closed 
curve of class C’’. Moreover the operation neither adds nor takes 
away vertices, whence C consists of two simple monotone arcs. The 
curve C is called a normalized curve. 

A point where a curve meets itself is called a double point. A double 
point is called simple if the curve passes through it exactly twice. 


Lemma 5.2. A normalized curve, C, having exactly two vertices has 
double points, and all the double points are simple. 


If there were no double points C would be a simple closed curve, 
which is impossible by Theorem 4.1. If any double point were not 
simple it would divide C into at least three arcs, none of which are 
circles since C is normalized. But by Lemma 4.2 each arc would then 
contain a vertex, which is impossible. 

Let us consider the circle of curvature at the point of minimum 
curvature on any curve C with two vertices. Since the curve consists 
of two monotone arcs, it follows from Lemma 2.5 that the entire 
curve C lies on or to the left of this circle. By a direct circular trans- 
formation, a point to the right of this circle may be taken into the 
point at infinity. C is then carried into a curve C’ whose curvature 
is always positive and which is inside the transformed circle. If M 
and m are the points of maximum and minimum curvature on C’, 
all the circles of curvature lie inside that at m and outside that at M, 
by Lemma 2.5. The center of curvature, O, at the point M is interior 
to every circle of curvature. If P is a point moving in the positive 
direction on C’ the radius vector, OP, always turns in the same direc- 


| 
| | 
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tion, namely counterclockwise. Thus if C’ is tangent to itself at any 
point the directed tangents at this point must coincide. 


Lemma 5.3. If a curve, C, having exactly two vertices is tangent to it- 
self at any point, the directed tangents coincide. 


For otherwise C’ would also have oppositely directed tangents at a 
point, and this has just been shown impossible. 

A simple closed arc of a curve is called a loop. If the remainder of 
the curve never crosses this arc the loop is called a simple loop. 


Lemma 5.4. A curve, C, having exactly two vertices, has exactly two 
simple loops, one containing each vertex. 


Let C be transformed into curve C’ as in the last proof. It is suffi- 
cient to prove the lemma for C’. We shall proceed to establish the 
existence of a simple loop containing the maximum of curvature. If 
the maximum of curvature occurs on a circular arc which contains a 
full circle, this arc coincides with the circle of maximum curvature. 
In this case the circle itself constitutes the desired simple loop since 
it is completely within all other circles of curvature. 

Suppose then that the maximum curvature occurs at a point or on 
an arc less than a full circle. As before let M and m be points of maxi- 
mum and minimum curvature respectively. By Corollary 2.5.2 the 
arcs mM and Mm are inwinding and outwinding spirals respectively, 
each arc being simple except for tangencies without crossing which 
occur whenever a complete circle is contained in the arc. Since by 
Lemma 5.2 even the normalized curve C is not simple it follows that 
arcs mM and Mm intersect. Let A be the first point where Mm, as 
it is traced from M, meets mM. We shall show that arc A MA is the 
required simple loop. If A is a double point of mM, AM will mean 
the arc from A to M which does not pass again through A. 

If AM were not simple it would contain a full circle which would 
have M in its interior and A on its exterior, whence A could not be 
the first point where Mm meets mM. Similarly MA is simple. Thus 
AMA is a loop, not a circle, containing the maximum of curvature. 
Since the entire curve C’ spirals in the counterclockwise direction 
about the circle of curvature at M, this circle lies interior to and to the 
left of AMA. The angle formed at A interior to the loop is less than z, 
for otherwise by Lemma 4.3 the arc contains a minimum of curva- 
ture, which is false. 

No points of mM lie interior to A MA since by its spiral character 
it never crosses itself and by construction it never crosses MA. Let a 
moving point P trace Mm. At A it definitely passes to the exterior of 


| 
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the loop. Let B be the first point where P meets the loop again. If B 
does not exist the loop is simple. If B lies on MA the arc from B to B 
is a full circle containing the loop in its interior. The outwinding spiral 
character of Mm assures that P can never get to the interior of the 
loop, so again it is simple. Suppose finally B is on AM. The arc 
BMAB is then a simple closed arc bounding a region to its left. More- 
over the angle at B interior to this region is clearly greater than or 
equal to 7. By Lemma 4.3 this arc would then contain a minimum, 
which is impossible. Thus the loop A MA is simple. This establishes 
the existence of a simple loop containing the vertex of maximum cur- 
vature. But since a mere reversal of direction on a curve interchanges 
maximum and minimum curvatures, the same proof applies to the 
other case. 

By Lemma 4.2 every loop, not a circle, contains at least one vertex, 
whence there can be no other loops on the curve which are not circles. 
Moreover since every circle in the curve distinct from the above loops 
is a circle of curvature on a monotone arc, it is crossed by the arc and 
is not a simple loop. This completes the proof of the lemma. 

A closed curve in the plane divides the plane into a certain number 
of regions bounded by arcs of the curve. The definition of a simple 
loop implies that the loop constitutes the entire boundary of one of 
these regions. For the loop containing the maximum point this region 
was shown above to lie to the left of the loop, while for the loop con- 
taining the minimum point the region bounded is to the right. It 
should be noted that one of the regions bounded by the curve is al- 
ways an infinite one. 


Lemma 5.5. The region bounded by a simple loop of a curve C with 
exactly two vertices lies to the right or left of the loop according as this 
loop contains the minimum or the maximum of curvature. 


Lema 5.6. If C is a curve with exactly two vertices, the only regions 
determined by C which are bounded in the same sense by all their bound- 
ing arcs are those bounded by the two simple loops. 


To prove this, let C be transformed into a curve C’ of positive cur- 
vature as before. The regions bounded by the two loops in this case 
are the infinite region and the region containing the center of curva- 
ture, O, at M. Let P be a point of any other region and consider the 
ray OP. By the spiral character of C’, ray OP always crosses it in the 
same direction, namely from left to right. Point P is thus to the right 
of one of the arcs bounding its region and to the left of another since 
there is at least one crossing between O and P and another between P 
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and the point at infinity. This establishes the lemma for C’ and thus 
for C. 

The results of this section may be summarized in the following 
theorem. 


THEOREM 5.1. A curve, C, with exactly two vertices, has the following 
properties: 

(a) The corresponding normalized curve, C, may be divided into two 
simple arcs; 

(b) The corresponding normalized curve, C, must contain double 
points, and all the double points are simple; 

(c) The curve, C, has exactly two simple loops, one containing the 
maximum of curvature and bounding a region to its left, the other con- 
taining the minimum of curvature and bounding a region to its right; 

(d) No region determined by C, other than those mentioned in (c), is 
bounded in the same sense by all its bounding arcs; 

(e) At any point where C is tangent to itself the directed tangents co- 
incide. 


6. Curves with four vertices. It is a well known theorem that an 
oval which has at most four intersections with any circle has exactly 
four vertices [4, 5]. This result may be generalized as follows. 


THEOREM 6.1. A simple closed curve, C, which meets any circle or 
straight line at most four times has exactly four vertices. 


Let the curve be directed so the interior lies to its left. First let 
us show that the circle of curvature at any point (or arc) of maximum 
curvature on C can have no further points in common with the curve. 
In a neighborhood of the given vertex the circle is interior to C by 
Corollary 2.1.1. In this neighborhood let points P and Q of the circle 
be chosen on opposite sides of the vertex. Suppose the circle contains 
a point R outside C. Now let the curvature of the circle decrease, 
keeping it tangent to C at the maximum point, M, so that the new 
circle lies to the right of the original one. This deformation may be 
taken so small that the points P, Q, R do not cross C. But by Lemma 
2.1 the new circle lies to the right of C in a neighborhood of M. Thus, 
in addition to M itself, there are crossings on MP, PR, RQ, and QM. 
This contradicts the assumption of at most four intersections. If the 
circle of curvature at M contains no exterior points but does contain 
a point of tangency with C, the curve lies to the right of the directed 
circle at this point, R. The deformation above then takes R to a point 
outside C and the contradiction is obtained as before. 

Suppose Theorem 6.1 is false, that is, suppose C has at least six 
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vertices. If M,, Mz, M; are three maximum points, let C be divided 
into arcs M,M2, M:M3, M;M;,. By Corollary 3.1.1 there is a circle in- 
terior to C and tangent to all three arcs. None of the points M; can 
be points of contact since we have shown that the largest circles at 
the M; which are locally interior to C can never meet C again. Thus 
there are three distinct points of contact, Ci, C2, C3. A slightly larger 
concentric circle will then have the M; outside and the C; inside, con- 
tradicting the hypothesis of only four intersections. Thus the assump- 
tion is false and the theorem is proved. 


THEOREM 6.2. If a simple closed curve, C, has exactly four vertices, the 


circles of curvature at the vertices have no further points in common 
with C. 


Let M be a point of maximum curvature and suppose the circle of 
curvature at M meets C at a point other than this vertex. Consider 
the family of circles tangent to C at M and lying on or to the left of 
the circle of curvature at M. Since the circles of this family which 
have sufficiently small radius meet C only at M, while the circle of 
curvature does meet C at some other point, there is a circle of the 
family lying entirely inside C but tangent to it at some point P dis- 
tinct from M. Since C is simple, the circle is tangent to C in the same 
direction at P and M, lying to the left of C at both points. The arcs 
MP and PM then each contain a maximum of curvature by Lemma 
4.1. This gives three maximum points and thus at least six vertices. 
This contradicts the hypothesis of only four vertices so the circle of 
curvature cannot meet C again. Since a reversal of direction on C 
interchanges maximum and minimum points, the same proof shows 
that the circles of curvature at the minimum points also do not meet 
the curve again. 


THEOREM 6.3. If a simple closed curve, C, has exactly four vertices, 
@ necessary and sufficient condition that it can be carried into an oval 
by a direct circular transformation is that either the two maximum or the 
two minimum circles of curvature intersect. 


The term oval here means a simple closed curve with nonvanishing 
curvature. If an oval with exactly four vertices is directed so the cur- 
vature is positive, the entire curve lies inside the circles of curvature 
at the points of minimum curvature by Theorem 6.2. Thus each such 
circle contains an arc of the other near the opposite minimum point, 
and they must intersect. The condition of the theorem is thus neces- 
sary, since the properties in question are preserved by direct circular 
transformations. 
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Consider now a simple closed curve, C, with just four vertices, hav- 
ing two of its extreme circles of curvature intersecting. The curve may 
be so directed that these are the circles of curvature at the minimum 
points. The entire curve then lies to the left of both circles. Since the 
circles intersect, there is a point to the right of both circles. Let this 
point be taken into the point at infinity by a direct circular trans- 
formation. The two circles of minimum curvature for the new curve 
now have positive curvature since their interiors lie to their left. But 
since there are only four vertices, and monotone arcs go into mono- 
tone arcs, the curvature is positive at all points. The transformed 
curve is therefore an oval, and the proof is complete. 


7. Curves with 2n vertices. It is a well known fact that an oval 
which crosses a circle 2n times has 2n vertices [6]. This fact may be 
generalized to simple closed curves as follows. 


THEOREM 7.1. Let a simple closed curve, C, be met by a circle C. If, 
among the arcs into which C divides C, there are 2n—1 arcs PsP 
(¢=1, 2,---+-, 2m—1) such that the points P, are in the same cyclic 
order on C and C, then C has at least 2n vertices. 


The point P2; may coincide with P2;4:. If C is an oval the condition 
on the cyclic order of the points is automatically fulfilled. It should 
be noted that the theorem does not require that the chosen arcs be all 
the arcs of C. 

Any one of the chosen arcs lies either wholly inside or wholly out- 
side of C. There are therefore at least m of these arcs in one place or 
the other. We may suppose the arcs interior to C since the other case 
can be reduced to this by a direct circular transformation. Let these n 
arcs, in order, be denoted by¢/;, their end points by Q;, R:, and the 
arc of C from R; to Qi4: by C;. It may be assumed without loss of gen- 
erality that none of the points Q;, Ri, are points of tangency of C 
and C, for if they are C may be replaced by a slightly smaller con- 
centric circle for which this is not true. This implies that no C; reduces 
to a point. By hypothesis the region interior to C bounded by the ¢4; 
and the C; is bounded in the same sense by all these arcs. By suitably 
directing C the region may be made to lie to the left of these arcs. 

Let c4; and c4;,; be any two consecutive ¢4;, and consider the re- 
gion bounded by ¢4;, 4441, C;, and the directed arc of C from Ry 
to Q;. This is a simply connected region bounded by differentiable 
arcs. Let the boundary be divided into three arcs as follows: 4, C;, 
and the remainder of the boundary. By Lemma 3.1 there is a circle 
in the region having points in common with all three arcs, and these 
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are all points of tangency as in Corollary 3.1.1. Since there is a con- 
tact point on C;, there cannot be one on the rest of C, whence there 
are contact points on e4; and ¢4;4: which we shall call T; and S;,: re- 
spectively. These points are distinct since 4; and e4;,1 have no point 
in common and are distinct from R; and Q;;: since C is not tangent 
to C at these latter points. The tangencies at T,; and S,,: are clearly 
in the same direction on the circle. 

If the same operation is carried out for arcs 4;_; and e4; we obtain 
points 7;; and S; on ¢e4;_1 and <4; respectively. We shall show that 
the points S;, T; occur in that order as¢4; is traced from Q; to R;. Let 
the circles constructed with contact points on C;; and C; be denoted 
by Oj. and O; respectively. Suppose that arc Q;T; does not con- 
tain S;, and consider the region bounded by Q;7;, the arc of O; from 
T; to its contact point on C;, and the arc of C from Q; to this same 
contact point. This region is exterior to O;and contains the arc T;S;R; 
by hypothesis. The point of contact of O;1 and C;1 is exterior to this 
region and also exterior to O;. Thus each of the arcs of O;; from its 
contact point with C;1 to S; must cross O; twice. This is impossible, 
since two distinct circles can meet in only two points. Thus S; and 
T; occur in that order on ¢4;. The various arcs T;1S; of the given 
curve C are therefore distinct arcs with no points in common. But 
each of these m arcs of C satisfies the conditions of Corollary 4.1.1, 
and thus contains a maximum point since it lies locally to the right 
of O;_, at T;, and S;. This proves the existence of m maximum points 
and thus 2 vertices. 

It should be noted that if a simple closed curve intersects a circle 
an infinite number of times any number of arcs may be found satisfy- 
ing the conditions of the theorem. The following result then follows 
at once. 


Coro.iary 7.1.1. If a simple closed curve intersects a circle infinitely 
often, it has an infinite number of vertices. 
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ON A THEOREM OF BOHR AND PAL 
R. SALEM 


Let D be the domain bounded by a simple closed plane Jordan 
curve of equations x =f(#), y=g(t), where f and g are continuous and 
of period 2x. Fejér [1] has proved that the power series representing 
the function mapping conformally the interior of the unit circle | z| <i 
into D converges uniformly on the circle |z| =1; hence that there ex- 
ists a continuous strictly increasing function (#(0)=0, #(2x) =27) 
such that the Fourier series of F(@) =f(#(@)) and of G(@) =g(t(@)) con- 
verge uniformly for 0<@<2x. Using this theorem, J. Pal [2] has 
proved that given any continuous function ¢(f) of period 27 there 
exists a function #(@) of the above described type such that the Fourier 
series of ¢(#(@)) converges everywhere, and uniformly in the interval 
§<0<2x—5, for any positive 5. H. Bohr [3] has removed the restric- 
tion on the uniform convergence in P4l’s theorem by proving that 
the function /(@) can be chosen such that the Fourier series of ¢(t(@)) 
converges uniformly for 0<@<2z. Bohr’s argument involves some 
delicate considerations. The purpose of this paper is to give a short 
and simple proof of Bohr’s result. 

Let ¢(¢) be continuous, and of period 27. Without loss of generality 
we can, by adding to ¢ a suitable constant, assume that [3°(#)dt=0. 
Then there are values of ¢ for which ¢(#) vanishes and we can assume 
that ¢=0 (mod 27) is one of these values. Thus ¢(0) =¢(27) =0. The 
mean value of the function being zero, there exists at least another 
point a (0<a<2rm) such that ¢(a) =0. 

Suppose first that, in the open interval (0, 27), a is the only point 
at which ¢(é) vanishes. Then $(?) is strictly positive in one of the open 
intervals (0, a), (a, 27), and strictly negative in the other one. Let 
a(t) be any function, continuous, of period 27, such that a(0) =a(27) 
=0 and such that a(#) is strictly increasing in (0, a) and strictly de- 
creasing in (a, 27). Then the equations x =a(t), y=¢(#) represent a 
simple closed Jordan curve and we have only to apply the theorem 
of Fejér quoted above to get our result for the function ¢(#). 

Suppose now that a is not the only point in the open interval 
(0, 27) at which ¢(#) vanishes. Let M; be the maximum of |o(0)| for 
0 and let be a point (0<4#,<a) such that | = M;. In the 
same way let M; be the maximum of | (2) | in a@St3S2z and let & be 
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a point such that |o(4)| = M;. Consider the function 
continuous, of period 27, and defined for every ¢ (0 S¢ S27) as follows: 


= | | + sin (xt/a) for0 <¢< 
w(f) = max | | + sin (wt/c) fort; St Sa, 


and in the same way 


w(t) = — max | o(¢’)| — sin[r(¢ — a)/(2e —a)] forast 
sera 


IIA 


te, 
o(f) = — max — sin[x(t — a)/(2x — a)] fort, < 


where the maxima are taken with respect to ?’. 

It is immediately seen that w(t) is of bounded variation, that 
oi(t) + w(t) vanishes only at t=0, t=a, t=27, for O<t<27, and 
that ¢:(é) is strictly positive in the open interval (0, a) and strictly 
negative in the open interval (a, 27). Hence applying our first result 
we can find a function #(@) of the above described type such that the 
Fourier series of ¢:(#(@)) converges uniformly for 0<8@ <27. But since 
w(t) is continuous and of bounded variation the same result holds for 
¢(t), which proves the theorem. 
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FOURIER SERIES WITH COEFFICIENTS IN A 
BANACH SPACE 


HARRY POLLARD 


Let f(é) be a function on (0, 1) to the complex Banach space B. 
Bochner has shown that the older theory of Fourier series carries over 
to functions of this character, but breaks down in the fundamental L? 
theory [1, pp. 273-276]. 

Suppose f(#) belongs to L* in the sense of Bochner [1]. Define 


We should expect that the Parseval relation carries over, or at least 
that the Bessel inequality 


is valid. This, however, is not the case; for suitable B we may have 
0 [1, pp. 275-276]. 

In this note we detect the root of the trouble by proving that for 
the validity of (2), B must possess a special character. 


THEOREM. If (2) is valid for all f(t) in L? then B is unitary, and con- 
versely. 


B is unitary if it admits a scalar product with the usual properties 
[3] (cf. the “normed ring” of Gelfand [2]). 

The latter part of the theorem is trivial; we need only apply the 
classical proof with notational modifications [4, p. 58]. 


To establish the sufficiency suppose a and 6 are elements of B. 
Define 


2a, (0, 1/2), 
one 2b, (1/2, 1). 
Then 
(3) f = + 


By (i) we have 
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4 b, 
Can = 0, n>0O 
= (b a)2/x(2n + 1)i. 


Then 
(4) lleall? = + ||? + — all, 
since 


By (2), (3), (4) 
(5) lle + + lle — + 


Replace a by a+), b by a—); this simply reverses the inequality of (5). 
Then for all a, b 


Hence B is unitary [3]. 
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THE MEAN CONVERGENCE OF NON-HARMONIC SERIES 
HARRY POLLARD 


The theory of non-harmonic series deals with the completeness and 
expansion properties of sets of functions {e+}, — 0 <n<. Ex- 
tending results of Paley and Wiener, Levinson has obtained a theory 
of these functions in the spaces L?, 1<p<2 [5, p. 113; 4, p. 48].1 His 
principal result states that if 


(1) |~A.—n| <5 (n = 0, +1,---) 


with 6<(p—1)/2¢, X, real, then any function f(x) EL” has a Fourier 
expansion in the above functions equiconvergent with its ordinary 
Fourier series in any closed interval (—7r+e«, r—€). 

This, however, leaves open the question whether the expansion 
converges to f(x) in the topology of L?(—7, 7). This is known to be 
true for all p>1 if \,=m [6, p. 153]. For the non-harmonic case the 
only available results concern p=2: by refining an earlier result of 
Paley and Wiener, Duffin and Eachus [2, p. 855] obtain mean con- 
vergence for <2 log 2. (This is less than the 6<1/4 to be hoped 
for from Levinson’s result.) 

In this paper we shall generalize the Duffin-Eachus result to L?, 
p>1. Our hypothesis is, however, more stringent than (1). We re- 
quire that 


l/e 2p 
(2) - = 5 < x" log 2, a = ———--- 
| 

If p—2 this becomes sup |A,—n| <2~" log 2, which is the result we 
are extending. 

It is interesting to observe that (2) remains the same if we replace 
p by its conjugate p’, where 1/p+1/p’=1. For then |2p/(p—2)| 
=|2p’/(2—p’)|. We note also that the A, need not be real. 


Tueorem. Let {d,} satisfy (2). Then any function f(x)EL, p>1, 
admits a unique representation 


(p) 
Lim. >> 
N-o 


(3) f(x) = 


Moreover 
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(L< ps2), 


> 

IIA 
N 
| 


(4) 


Ms 

— 

IV 


> 


where 1/p+1/p’=1 and 


(5) Ill» = 


Levinson’s methods are a combination of Fourier analysis and con- 
tour integration. We shall revert to the original real variable methods 
of Paley and Wiener, using the fact, observed by Boas, that their 
basic completeness theorem generalizes in a simple manner to general 
Banach spaces. 

Boas’ generalization, slightly amended, reads as follows [1, p. 469]. 


Lema 1. Let {x,}, {yn} be sequences in a Banach space B such that 
for some d, 0<d<1, and all finite sequences {a,} 


(6) — yn)|| S Al] D0 


Then if {x,} is a base, so is {yn}. If xB has the expansion > *cayn, 
then 


(7) ——||q < 
1 
Lemma 2 [3, p. 202]. If f(x) x) and {c,} are its Fourier 
coefficients, then 
lp (1< ps2), 


1/p’ 
@sp<e, 


We remind the reader of our definition (5) of ||f]],. 
Lemna 3 [3, p. 144]. If f(x) CL* then 
Alle Ife (0<r 5). 


To prove our theorem we shall apply Lemma 1 with x,=e***, 
yn=e™*, B=L? (with modified norm (5)). (6) then becomes 


| 
| 
| 


1944] THE MEAN CONVERGENCE OF NON-HARMONIC SERIES 585 


We denote the right-hand side by R, the left-hand by L. Then we wish 
to show L SR for a value of A, 0<A<1. 


n)*x* 


L= | a,e* >> 
k=l k! 
k=l k! P 
Hence 
(9) —||D 4.0, — 
k=l k! 


Case (i). 1<p2. Then by Lemma 3 


—||D 4.0, — 
k=1 k! 
ak 

> (2 — n)* |2)1/2 


Re! 

BIN 
Also by Lemma 2 
(11) | a, 


Now write 5=(>>*..|A,—m| 2#’/(»’—2))(»"-2)/22", By (10) and (11), (8) is 
satisfied if 
5 < x log 2. 


But this is precisely our hypothesis (2). 
Then the hypotheses of Lemma 1 are satisfied, (3) follows immedi- 
ately, (4) is a consequence of (7) and the first part of Lemma 2. 
Case (ii). 25p< ©. We have by Lemma 2 and (9) 


km 


ak 


Also by Lemma 3 


| 
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From here on the argument is analogous to that of Case (i). 
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| 


ON UNIFORM CONVERGENCE OF FOURIER SERIES 
OTTO szAsz 


1. Introduction. In this section we collect some known concepts 
and simple facts, pertinent to our subject. 
Given a sequence of real numbers s,, 20, consider for any A>1 


limsup max (Sm — S,) = u(A) S + 


clearly u(A) decreases as d | 1; if 


(1.1) lim u(d) S 0, 


then the sequence {s,} is called slowly oscillating from above; simi- 
larly slow oscillation from below is defined by 


(1.2) lim liminf min (sm, — s,) = 0. 
»~!1 now 


If both (1.1) and (1.2) hold, that is if 


(1.3) lim limsup max |s,— s,| = 0, 


then the sequence is called simply slowly oscillating. If s,=) a, is 
the nth partial sum of a series })a,, then (1.3) can be written as 


(1.4) lim limsup max | >> a,| = 0. 

A more restricted class of series is defined by 

(1.5) lim limsup >> |a,| =0. 


n<vSdn 
Special cases: If for some p>0, n|a.| <p for all n, then 
An 1 
< — = O(log 2). 
n v 


Hence (1.5) holds. 
If only 
Nt, > — for all n, 


then 
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n(| an] — an) < 2p, 


hence 
An 
(1.6) lim lim sup >> (| a,| — a,) = 0. 
n 


This relation implies (1.2), but not necessarily (1.4). The following 
lemma is immediate: 


Lema 1. Every convergent series satisfies (1.3) ; furthermore (1.3) and 
(1.6) imply (1.5). 


A sequence of functions s,(#), defined at a point set € having t=r 
for a limit point, is said to be uniformly convergent at t=7 if 
lim s,(t,) exists for any sequence /,—r. It is an immediate conse- 
quence of the definition that the limit of s,(¢,) is then unique. 

If for each n, s,(#) is defined and continuous at ¢=7, then clearly a 
necessary condition for uniform convergence at ¢ =7 is that lim,..5,(7) 
exists. 

We restrict ourselves to such sequences; then the following lemma 
holds: 


LEMMA 2. The following two properties are equivalent: 

(a) Sa(tx)—s as 

(b) sa(r)—>s, and | sa(r) —Sa(t)| <efor any and for|r—t| <8(€), 
n>no(5, €-) =no(e). 


Thus either (a) or (b) defines uniform convergence at tf =r. 

For the proof assume that (a) holds; if (b) would not hold, there 
would exist an €=€9, so that lim sup:, --| S2(T) —Sa(tn)| But this 
contradicts (a). Similarly if (b) holds, then (a) follows. 


2. The cosine series. We now prove the following theorem. 


THEOREM 1. Suppose that the coefficients of the Fourier cosine series 
(2.1) o(t) ~ ao/2 + >> a, cos nt 
1 


satisfy the condition (1.6), and that o(t) is continuous at t=0; then the 
series (2.1) is uniformly convergent at t=0. 
Let 


ao ado 4 1 
So=—> S,(f) = — t, v(t). 


| 
| 
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By a theorem of Fejér [1]! 

(2.2) on(tn) $(0) as t, 0; 
in particular 

(2.3) o,(0) — ¢(0) as m—> 


By a well known theorem of Tauberian type, (2.3) and (1.6) (or only 
(1.2)) imply that 


(2.4) sn(0) — $(0). 


By Lemma 1, (1.6) and (2.4) imply (1.5). 
We next employ the often used identity 


nN 


n21i,v2 1, 


where s,, ¢, are the partial sums and arithmetical means respectively 
of the series }>c,. Thus 


$n(0) Sn (2) { on4r(0) } 
n 
(2.6) 


— onso(t) — [on-1(0) — 


UF. (v — k+1)[1 — cos (n+ 
1 1 
By (2.2) and Lemma 2 
| o,(0) — <e for | t| and n2 noe); 


hence, from (2.6) 


(2.7) 2ne : 
< <4 2 
|t| < n> no(©). 
Write 
An 
lim sup >| = w(d), 
then 


1 Numbers in brackets refer to the literature listed at the end of the paper. 


| 


590 OTTO SZASZ [August 


An 
(2.8) >| a | < + w(a) for > m(e, d). 
Given choose v= [ne"/?], and \=1+e"/?, then, from (2.7) and 
(2.8), 
| — sa(é) | < et + 2e + w(1 + for n > nz2(e), 


when n; is the larger of the two numbers mo, m. The theorem now fol- 
lows from (1.5) and Lemma 2. 
The identity 


1 n 
s,(é) — o,(é) = va, Cos vt 


yields the corollary: 


COROLLARY TO THEOREM 1. Under the assumptions of Theorem 1 
n-*) “tva, cos vt—0 uniformly at t=0. 


3. The sine series. In this case convergence at t=0 is trivial; we 
introduce two lemmas. 


LemMA 3. Suppose that the coefficients of the Fourier sine series 
(3.1) ~ > sin nt 
1 
satisfy the condition (1.2) with s,=).7b,, and that 


h 
f ¥()dt- d as h\0, 
0 
then 
n> vb, 
1 


This is Lemma 6 of our paper [6]. 
Lemna 4. If for a sequence {b,} 
lim >> vb, = 
1 
exists, and if 


An 
(3.2) lim lim sup >> (| 4,| — 4) = 0, 
Ali 


then 


—— 
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An 
(3.3) lim lim sup >>| 6,| = 0. 
ali 
Write 
lim sup >> (| — = A> 1, 


then by (3.2), £(A)-90 as A | 1. We have 


(| — b,) (| — b,), 


hence 
lim sup >> »(| b,| — b,) < 
Furthermore 
An An n—1 
vb, = d(An)-! >> vb, — vb, > (A — 1)I, 
n 1 1 
hence 
lim sup n— >> »| b, | S (A — + AEQ). 
But 
An An 
hence 


An 
lim sup >>| S (A — 1)1 + XQ). 


Letting A | 1, we get (3.3). 


THEOREM 2. Suppose that the function y(t) is continuous at t=0, 
that is ¥(0)=0, and that its Fourier coefficients satisfy (3.2). Then 
>-%vb, =0(n), and the series (3.1) is uniformly convergent at t=0. 


We now write 
n 1 n 
s(t) = sin vt, = —— 
1 a+14 


then by the theorem of Fejér 
(3.4) as — 0. 
Also by Lemma 3 

> vb, = o(n), 


1 
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and Lemma 4 now yields (3.3). Finally from (2.5) with c,=5, sin nt, 
applying (3.4) and Lemma 2, 


| <e +— + |, for | t| < 5(€) and nm > no(). 
v + 1 n+l 
Write 


An 
lim sup >> | 6, | = (a), 


then by (3.3) 
O as 


We now choose v= [ne'/?], then, as in §2, 
| sn(t) | < 4 + for | t| < i(e) and n > 
which proves the theorem. 
COROLLARY. Under the assumptions of Theorem 2 
n-!>> vb, sin vt 0 uniformly at t = 0. 
1 
This follows from s,(t)—on(t) =(n+1)—) sin vt. 


4. A converse theorem. To prove a converse of Theorem 2, we in- 
troduce the lemma. 


LemMA 5. Suppose that B,=0, that for some c>0 
(4.1) Basi S (1+ c/n)B,, 


and that the sequence {B,} is Abel summable to B; then B,—B. 


It is known that B, 20 and Abel summability imply (C, 1)B,--B, 
that is 


(4.2) BL = >) B,~ mB. 
1 
From (4.1) 
S (1 + c/n)*B,, k=0,1,2,---, 
hence 


Busi S B, >, (1+ ¢c/n)* = nB,c~{(1 + c/n)! — 1}, 
k=0 k=9 

or To any given 6>0 

choose v= so that yn-!—5. Then 
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lim inf B, = c(e* — 1)-*{(1 + 6)B — B} = cbB(e* — 


letting 6 | 0, we get 
(4.3) lim inf B, = B. 
Similarly from (4.1) by induction 
= (1 + c/(m — Baya (1 + "Bags 
forn—k2v>Q0O, 


hence 
k=0 k=0 v v 

or 


Buss S — (1 + — By). 
Again to any given positive <1 choose v= [6]; then 
1-6 


lim sup Basi S c{1 — — B) = . 
1 — exp (c — cd“) 


Letting 5 1 we find 
(4.4) lim sup B, = B. 


(4.3) and (4.4) prove the lemma. 

It is easily seen that the assumption (4.1) is equivalent to saying 
n~’B,, is decreasing for some ; our lemma is in close connection to a 
lemma due to Hardy [3, p. 442]. 


THEOREM 3. Suppose that ¥(t)~)>_b, sin nt, that 


(4.5) — as 0, 
and that for some constants p and c 
(4.6) 0 S (m+ t+ p S (1+ c/n)(nb, + 
Then nb,—A. 
Let 
and 


(4.7) x(t) = W(t) — Ag(t) ~ > (6, — An) sin nt = >> B, sin nt, 
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then, from (4.5), 
as #10. 


Furthermore 


np, = nb, — A 


IV 
| 
| 
Il 
| 


say, and 
(m + + 9 = (2 + + S (1 + c/n) + 9). 


Thus we need only prove n8,-—0, that is Theorem 3 is reduced to the 
case A =0. Now for this case Theorem 2 yields >_tvb,=0(m); finally 
Lemma 5 applied to B, =b,+ >) gives Theorem 3. 

A special case. Let p=0; c=1; then (4.6) reduces to 06,4: S5,. 

For this case and A =0 the theorem is due to Chaundy and Jolliffe, 
while for A £0 it is due to Hardy [3, 4]. As Hardy remarked, here 
the case A <0 is not immediately reducible to the case A =0. Our 
generalization has the advantage of such reduction. 


5. On Gibbs’ phenomenon. We shall apply Theorem 2 to the 
Gibbs’ phenomenon (cf. [7, p. 181]). Consider again the assumption 
(4.5); that is ¥(#) has the jump 7A, while x(é) is continuous at ¢=0. 
We assume in addition (3.2); then evidently the 8, satisfy the same 
assumption, hence by Theorem 2 


n n 


= vb, — nA = o(n), 

1 1 
and the series (4.7) is uniformly convergent at :=0. On the other 
hand Fejér proved that 


n n 
lim sup >> sin vt, = lim sin vt, = f t sin 
0 


1 1 


hence assuming, as we may, A>0, 


(5.1) limsup >> },sin = lim >}, sin vt, = A f sin édt. 
1 0 


t,10 1 
We have thus proved the theorem: 


THEOREM 4. Suppose that ¥(t)~)}_b, sin nt satisfies the conditions 
(4.5) and (3.2); then 


vb, ~ An, 
1 


and 


— 
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> 4, sin vt, — A >> v™ sin vt, > 0 as t, — 0; 
1 1 


in particular (5.1) holds, that is the two series of Y(t) and Ag(t) present 
the same phenomenon of Gibbs. 


For the special case »b,=O(1) Gibbs’ phenomenon was observed 


by Rogosinski [5, pp. 134-135], however it is difficult to follow his 
argument. 


6. A contre example. We cannot replace in Theorems 1 and 2 the 
conditions (1.6) and (3.2) by (1.3) with s, =) 10, OF Sn =) 1), respec- 
tively. This is seen from an example constructed by Fejér [2] for a 
similar purpose. It is a power series }\y_,¢x2* with the following prop- 
erties [2, pp. 38-46]: The coefficients are all real; the power series is 
convergent for |z| <1; the function f(z)=) cz" is continuous for 
| z| <1; the power series is uniformly convergent for z=e*, e<i<2r 
—e, €>0, but neither of the series } a: cos kt, }-ax sin kt is uniformly 
convergent for || <e. It follows easily that neither series is uniformly 
convergent at ¢=0, for this would imply uniform convergence on the 
entire unit circle. 
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SUMMABILITY OF SUBSEQUENCES 
RALPH PALMER AGNEW 


1. Introduction. Let a,; (n, k=1,2,---) be a matrix of real or 
complex constants for which 


(1.1) lim an, = 0, k= 1,2,3,---, 
noo 

(1.2) lim au = 1; >| < M, n=1,2,3,---, 
k=l 


M being a constant. This matrix defines a regular method of sum- 
mability by means of which a sequence x, of real or complex numbers 
is summable to X if X.=)-f.,¢ux,, n=1, 2, 3,---, exists and 
lim X,=X. It has recently been shown by R. C. Buck? that if the 
sequence x, is real, bounded, and divergent, then the sequence has 
a subsequence not summable A. This note proves the following more 
general theorem. 


THEOREM. Let A be regular and let x, be a bounded complex sequence. 
Then there exists a subsequence y, of x, such that the set Ly of limit 
points of the transform Y,, of y, includes the set L, of limit points of the 
SEQUENCE Xp. 


If x, is a bounded divergent sequence, then L, and hence also Ly 
must contain at least two distinct points and accordingly the sub- 
sequence y, is not summable A. Applying the theorem to the diver- 
gent sequence 0, 1, 0, 1, - - - , we obtain the result of Steinhaus? that 
there is a sequence of 0’s and 1’s not summable A. 


2. Proof of the theorem. Let L. be the set of limit points of the 
bounded complex sequence x,. Since the complex plane is separable 
and L, is a closed set, there is a countable (finite or infinite) subset 
E of L,z such that the closure E of E is the set L, itself. Let 
1, U2, Us, +--+ be a sequence containing all of the points of E; in 
case E is a finite set, the points 1, uz, us, +--+ are not distinct. Let 
the elements of the sequence 
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be denoted by 1, v%, v3, - - - . The sequence », is a sequence of points 
in L,, and the set of limit points of the sequence is the set L,. For 
each p=1, 2, 3, ---, let 


be a subsequence of x, having the limit ,. 

To simplify typography, we write a(n, k) for a,x. Since A is regu- 
lar, (1.1) and (1.2) hold. Hence sequences m.<mz2.<m3;< --- and 
ki<ke<ks< +--+ of indices exist such that for each p=1, 2, 3,--- 


kp 1 nad 1 
(2.3) >>| a(n,, < | | <—- 
k=l y +1 
It follows that 
kp 
> a(n», k) = ; a(ny, k) a(n», k) 
(2.4) k=1 k=l 
an, =1+¢, 
4141 


where, here and hereafter, €, denotes generically a sequence for which 
€,—0 as 

The subsequence y(m) of the given sequence x, is now selected as 
follows. Assuming that, for a fixed index p, y(k) has been selected 
for each kSk,, let y(k,+1), ---, y(Rp41) be selected from the se- 
quence (2.2) in such a way that y(j) is a predecessor of y(k) in the 
sequence x, when j <k and 


(2.5) | y(k) — < 1/9, ky < BS 


Since x, is bounded, say |x| <B, the subsequence y(m)} thus defined 
by induction is bounded and accordingly possesses a transform 


(2.6) On, kVk- 


k=1 


For each p=1, 2, 3, 


kp kp+1 
Y(n,) k) yx + a(n», k) ye + Zz a(ny, k) ye 
k=1 


(2.7) 


kpt+1 


=ept+ a(n, 
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since each of the first two terms of the second member of (2.7) is 
dominated by B/p. Moreover 


kp+1 


kek y+1 kek 
(2 8) ? 


= + €,) + €p = 0p + 


Therefore the sequences Y(n,) and v, have the same limit points and 
accordingly the set of limit points of the sequence Y(m,) is identical 
with the set L, of limit points of the sequence x,. The set Ly of limit 
points of the complete sequence Y, therefore includes the set L, and 
the theorem is proved. 


3. Conclusion. It is apparent from the proof of the theorem that 
if x, is a bounded divergent sequence, then it is possible to construct 
many subsequences y, not summable A. However, the class of such 
subsequences y, thus constructed seems to be a “small” subclass of 
the class of all subsequences of x,. This observation is in agreement 
with the fact, recently proved by Buck and Pollard,* that if A is 
either convergence or the Cesaro method of order 1 and s, is a real 
bounded sequence summable A, then there is a sense in which “almost 
all” of the subsequences of x, are summable A. 

The theorem states that the set Ly of limit points of the transform 
Y, of the subsequence y, of x, includes the set L, of limit points 
of x,. In some cases, Ly is identical with L,. This is so when A is 
convergence. In some cases, Ly is more extensive than L,. This is so 
when A is a Cesaro method of positive order and the set L, is not 
connected since, as was shown by Barone,‘ the set of limit points of 
the transform of each bounded sequence must be connected. The same 
is true for methods of Hélder, Riesz, de la Vallee Poussin, and Euler. 
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